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1 Introduction

Since the pioneering work by David Schmeidler (1982, 1989) appeared,! the Choquet expected
utility (CEU) theory has been drastically prevailing in almost all the realms of economics
analyzing uncertain phenomena that cannot be reduced to mere risky situations. Here, risky
situations refer to those that can be described by a single objective probability measure. Not
only that the CEU resolves the famous Ellsberg’s (1961) paradox, which had been casting long-
lasting doubt on the legitimacy of Savage’s (1954) subjective expected utility (SEU) theory as
a theory toward uncertainty, but also that it has been applied to the more concrete economic
models in the hope of explaining the various economic phenomena observed in the real world
that cannot be explained by the SEU though, including portfolio inertia (Dow and Werlang,
1992), high volatility in asset prices (Epstein and Wang, 1994; 1995), the reversal movements
between the reservation wage and the degree of uncertainty in the job search (Nishimura and
Ozaki, 2004), among many others.

Despite a denial of a ‘single’ probability measure in the theory of uncertainty, the probability
measure still plays two important roles there. The first role is a purely objective one, which is
referred to as objective probability. This type of probability appears as a part of the object of
choice.

To illustrate the objective probability, consider the following simple choice situation. Sup-
pose that the agent is contemplating tomorrow’s plan and she has finally decided to go to
shopping if it will be sunny; otherwise, she will postpone it and then flip a coin. She will watch
the movie on Netflix if the coin’s landing on the head, and she will reluctantly do homework
if the coin’s landing on the tail. The contingent plan described here is an example of the
so-called act. Further, the act there includes flipping a coin. Such an act was first introduced
by Anscombe and Aumann (1963) in the context of the subjective expected utility (SEU), and
it is called an Anscombe-Aumann act (AA-act). Importantly, in this AA-act, whether to watch
the movie or do homework is determined by flipping a coin, and the agent cannot control this
probability, for which reason this probability is purely objective. More generally, the AA-act
is an act whose execution should require a randomizing device like a coin, a dice, or a roulette
wheel.

There are at least two motivations for introducing objective probability to the theory of

uncertainty. The first is that it is quite plausible to consider the AA-acts in the real world. For

1Schmeidler (1982) was circulated as a discussion paper, and then it was published in 1989.
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example, we can consider a contingent plan (that is, an act) in which the agent is urged to buy
lottery tickets upon the occurrence of some state. The second is more essential. Proving the
CEU representation theorem by introducing the AA-acts exactly as Schmeidler (1982, 1989)
did is much simpler than doing this by using only the Savage act, which is a contingent plan
where the randomizing device is missing, exactly as Gilboa (1987) did. This can be directly
seen by comparing these two proofs and can be understood intuitively if we recognize the fact
that the set of AA-acts is larger than that of Savage acts, and thus the axioms imposed on the
primitive preference are much stronger in Schmeidler’s AA-act framework.?

The second out of the two roles is a purely subjective one, which is called subjective
probability, in order to emphasize the difference in nature between this and the objective
probability we mentioned before. This probability reflects the agent’s subjective view toward
the uncertainty she is faced with. This type of probability measure appears as a component of
a probability capacity in the Choquet expected utility (CEU) developed by Schmeidler (1982,
1989) we talked about at the very start of this paper.

In the CEU representation with the AA-acts by Schmeidler (1982, 1989), the utility index
of the outcome resulting from any act is evaluated by the so-called capacity, rather than the
measure, in the form of Choquet integral. Here, the capacity is a set-function which is not
necessarily additive over the union of mutually disjoint pair of sets, unlike the probability mea-
sure. Furthermore, the capacity that is derived in the CEU representation may be decomposed
into two components: A strictly increasing function from [0, 1] onto itself and a probability
measure. Obviously, the composition of the former function, called distortion function, and
the latter additive set-function constitutes a set-function which is not necessarily additive (i.e.,
a capacity) unless the distortion function happens to be the identity function. The probability
measure we are interested in for the current study is the second component of this composition.

We call the preferences that can be represented by the CEU with some decomposable capacity

as above the rank-dependent subjective expected utility (RDSEU).3 The main objectives of this

2This relationship exactly corresponds to the SEU with the AA-acts (Anscombe and Aumann, 1963) and that
with the Savage acts (Savage, 1954). Strictly speaking, Anscombe and Aumann’s (1963) original proof assumes
a finite state space, and thus, its direct comparison with Savage’s proof is impossible. For the detail and its direct

comparison, see Theorem 3.8 in Nishimura and Ozaki (2017).
3The rank-dependent expected utility theory was originally introduced in the context of choice under risk

initiated by von Neumann and Morgenstern (1953) rather than the theory of choice under uncertainty initiated by
Savage (1954). Quiggin (1982) represents the preference of risk (charge) as the Choquet integral of the utility

index with respect to the distorted risk, where the distortion is made by some non-linear function. Independently,



paper are to develop the RDSEU with the domain given by the AA acts and, building on the
representation, to discuss the importance of distinguishing these two types of probabilities in
representing preference under uncertainty.

As we discussed above, the probability incorporated into the AA acts is purely objective,
meaning that it is given in the model, while the probability derived in the representation found
by decomposing the capacity derived in the CEU representation is purely subjective. Therefore,
a distortion of subjective probability in the RDSEU is meaningful as a part of an expression
of the agent’s subjective view toward uncertainty. However, if we would distort the objective
probability in AA acts, it seems to be difficult to justify this procedure because the objective
probability is given to the agent in a manner in which she cannot intentionally nor technically
manipulate it. We thus should treat the subjective and objective probability differently in terms
of distortion.

As our first main result, we offer some set of axioms that characterizes the preference as the
one represented by the RDSEU over the set of AA acts.* To characterize the class of preferences,
we follow the suggestion made by Machina and Schmeidler (1992, pp.768-9).5 First, we impose
the set of axioms for the CEU theorem a la Schmeidler (1982, 1989) on the primitive preference
over the AA acts in order to derive the capacity with which the preference is represented by the
Choquet integral. Second, we invoke Scott’s (1964) theorem, which provides a necessary and
sufficient condition, so-called weak additivity, for the capacity to be expressed as a composite
of a probability measure and a strictly increasing distortion function.® Third and finally, we
incorporate the weak additivity into the axiomatic system for the primitive preference over the

AA acts. To the best of our knowledge, the characterization of the RDSEU with the preference

Yaari (1987) considers a utility of money and shows that the preference can be represented equivalently by either
some non-linear VNM index with the original distribution or the linear vNM index with some distorted distribution
which is generated by applying some non-linear distortion function, resulting in the Riemann-Stieltjes integral,
rather than the Riemann integral. His theory is thus often referred to as the dual theory of risk. Notice that, in the
theory of choice under risk, the probability measures are given in the model as the objects of choice for the agent,
and it does not matter whether it is subjective or it is objective. Hence, whether it is appropriate to distort the given

probability or not might depend upon the nature of the risk involved in the given model.
4The axiomatization of RDSEU representation for the preferences with the domain of Savage acts was done by

Nakamura (1995a), For his axioms, see Nakamura (1995a, b).
STheir suggestion is made in the context of Savage’s (1954) framework with the Savage acts.
6Regardless of the great significance, Scott’s theorem appeared in his unpublished manuscript (Scott, 1964).

Gilboa (1985) “discovered” Scott’s theorem and strengthened it by generalizing the strict increase of the distortion

function to its weak increase.



defined on the set of AA acts, and in particular, the representation of some preference by means
of Scott’s theorem, seems to be new.

Our characterization of the RDSEU with the AA acts will add another important result to
the theory of preference under uncertainty in which the representation of the preference involves
both the subjective and objective probability, which includes the CEU representation with the
AA acts by Schmeidler (1982, 1989) as well as the probability sophistication (PS) with the AA
acts by Machina and Schmeidler (1995). Here, the PS is the preference that is representable by
means of a single ’subjective’ probability measure but which is not necessarily representable
by the expected utility.

PS on Savage acts requires that the comparison of two acts must be consistent with the
comparison of lotteries over outcomes generated by subjective probability. However, PS on
AA acts additionally requires that the comparison must be also consistent with the objective
probability governed by the acts. Based on this observation, as a second main result, we show
that a preference relation is represented by RDSEU if and only if it is represented by CEU on
the AA acts and represented by PS only on the Savage acts.

Moreover, if, in addition, the RDSEU is representable by PS on the entire Anscombe-
Aumann acts, it turns out that it must be a subjective expected utility (SEU) on the entire
domain. This result is in sharp contrast with the RDSEU representation by Nakamura (1995a)
employing the Savage acts because only assuming the CEU and PS representability over the
Savage acts does not imply the SEU representation for the Savage acts, while we are assuming
a much stronger assumption of the CEU and PS representability for the AA acts, implying the
SEU representation for the entire AA acts.

The rest of the paper is organized as follows. In Section 2, we provide some mathematical
apparatus that is used in this paper. In Section 3, after defining the class of rank-dependent
subjective expected utility (RDSEU), we give an axiomatic foundation of RDSEU. In Section 4,
we consider the relationship between RDSEU and probabilistically sophisticated preferences.

The proofs are relegated to the Appendix.

2 Mathematical and Decision-Theoretic Preliminaries

This section prepares some fundamental concepts which will be necessary to formally state and

discuss the two main objectives of this paper described in the Introduction.



2.1 Basic Definitions of Probability Capacity and Choquet Integral

For more details on the concepts introduced in this subsection, see Nishimura and Ozaki (2017).

Let (S, .o/) be a measurable space, where S is any infinite set and <7 is an algebra on S.
Given such a measurable space, (S, .o7), a set function, 6 : &/ — R, is a non-additive measure
or a capactiy if it satisfies both 8(¢) = 0 and (VA,B € &/) A C B = 6(A) < 6(B). A
capacity, 6, such that (S) < oo is called a finite capacity or a game. A finite capacity that also
satisfies 8(S) = 1 is called a probability capacity. A probability capacity, 0, is convex-ranged
by definition if (VA € o7)(Vr € [0, 6(A)])(3B € «/) BC Aand §(B) =r.

A probability capacity, 6, on (S, .o7) is a probability charge if in addition it satisfies the
finite-additivity: YVA,B € &/) ANB=¢ = 6(AUB) = 0(A)+6(B). Throughout this paper, a
probability charge is often denoted by p or u, instead of 6. Similarly to a probability capacity, a
probability charge, u, on (S, o) is convex-ranged if (VA € o/ )(Vr € [0, u(A)])(IB € &/) B C
Aand u(B) =r.7

Let 6 be a probability capacity on a measurable space, (S, .</). Then, for any real-valued
o7 -measurable bounded function, a, on S, the Choquet integral with respect to 6 is denoted and

defined by

(o)

0
I a(s) d6Gs) :=J (e<{s|a<s>2z}>—1)dz+j 0({s|a(s) = 2}) dz, 0
S —00

0
where the integrals in the right-hand side are Riemann integrals in a wide sense, which can be
easily verified to be well-defined.®
When a is a non-negative simple function, the definition (1) of the Choquet integral can
be further simplified. To see this, let E* be the indicator function of £ € 7, let k € N,
let 400 > a; > ap > --- > a; > 0 and let (Vi € {1,2,...,k}) E; := a"'({a;}). Here, the
set, {ay,...,ax}, is understood to be the range of f. Then, we can canonically write a as

(Vs € S)a(s) = 25;1 a;E}(s) and (1) is reduced into a more simple expression:

£ i
J; CI(S) dG(S) = ;(di - a,-+1)9(Uj=1 E])
k . .
= GIQ(E1)+§G,'(9(UZJ.=I Ej) —H(Ul]_:ll E])) (2)

where aj41 := 0.

"The convex-rangedness of a probability charge is also referred to as the strong non-atomicity.
8In particular, “—co + co” never happens because of the boundedness of a.

6



2.2 A Brief Review of the CEU with AA-Acts

In this subsection, we briefly review the CEU preference with its domain given by the AA-acts,
which would be of some help for our purposes.

Let X be any set, which we interpret as a set of (deterministic) outcomes or prizes. Also,
let Y be a set of probability charges on (X, 2%) whose support is finite, each element of which
is often referred to as a simple lottery on X. A mapping f from (S, .7) into Y is by definition
a simple Anscombe-Aumann act or a simple AA-act, if its range is a finite subset of Y and it
is @7 -measurable when Y is endowed with the algebra generated by the discrete topology. In
what follows, when we say AA-act, it means a simple AA-act unless otherwise stated. We
denote the set of all AA-acts by Ly. Our main concern in this paper is the AA-act because it is
defined by means of objective probabilities. However, we sometimes refer to also the Savage
act: a mapping f from (S, &) into X (not simple lotteries on it) such that its range is a finite
subset of X and it is «/-measurable when X is endowed with the algebra generated by the
discrete topology.? The set of all Savage acts is denoted by F. Because any element of X can
be identified with the degenerate probability charge (point mass) concentrated at that element,
we have that Fy C L.

The primitive of the model is a binary relation, >, on Ly. By the standard convention, we
can induce the binary relation on Y from x and denote it by the same symbol, . A pair of two
acts, f,g € Lo, is by definition co-monotonic if (Vs,t € S) f(s) > f(t) = g(t) # g(s), where
> denotes an asymmetric part of > and ¥ denotes the negation of >. The co-monotonicity is
invoked in one of the axioms imposed in Schmeidler’s theorem, which we describe in the next
paragraph.

Schmeidler (1982, 1989) characterizes the Choquet expected utility (CEU): a binary rela-

tion'°, >, on Ly complies with some set of axioms if and only if it can be represented by

 ~

frg o L u(f(s)) db(s) > Lu(g@)) do(s)

where 6 is a unique probability capacity on (S,./), u is a non-constant real-valued affine
function defined on Y which is unique up to a positive affine transformation, and the integrals
are the Choquet integrals. In his theorem, both 8 and u are endogenously derived from the

primitive binary relation, x, via the set of axioms he imposes on it.

9Precisely, this is a simple Savage act. Similarly to the AA-act, we suppress the adjective ‘simple’ unless

otherwise stated.
19Tn fact, by one of his axioms, the binary relation always turns out to be a preference.
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Note that the capacity derived in the above theorem reflects the decision-maker’s view

toward uncertainty in a purely subjective manner.

2.3 A Brief Review of the PS with AA-Acts

Another important characterization of a preference!! under uncertainty where the domain of the
preference is specified by the AA-acts is achieved by Machina and Schmeidler (1995). Here,
we briefly review their result for later use.

According to Machina and Schmeidler (1995), we assume an algebra, <7, to be generated
by a finite partition of S.12 Given an AA-act, f, and a probability charge, u, on (S, o), define a
simple lottery pr , € Y by

(VxeX) prui= > u(fAh) v, )
yef(s)

where - is the usual product, y(x) abbreviates y({x}), meaning the probability charge of x € X
by a simple lottery y, and the summation is well-defined (i.e., finite) because <7 is finite and f
is simple. By the way of construction, pr, , is certainly a simple lottery on X. We say that p ¢,
is a simple lottery induced on X from both f and p.13

Next, consider a mapping V : Y — R, called preference functional. The decision-maker is
probabilistically sophisticated (PS) by definition if there exist a probability charge u on (S, <)
and a preference functional V : Y — R, suchthat(Vf,g € Lo) fz8 © V(pru) =V (Pe,u)-

Importantly, a preference functional V does not necessarily take the form of the expected
utility functional with some utility index u. Furthermore, the probability charge, u, for the PS
decision-maker is purely subjective in nature, which reflects her view toward uncertainty, just
like the probability capacity derived in Schmeidler’s theorem. Because the AA-act is defined
via objective probability charges, both subjective and objective probability charges show up in

an essential way in the PS preference with AA-acts.

HUPrecisely, it should be written as a binary relation, but the fact similar to the footnote 10 also applies to the

representation result below.
2Note that we invoke this assumption only when we mention the SP. For instance, when we characterize the

RDSEU, this assumption is unnecessary.
13When an act, f, were a Savage act rather than an AA-act, the formula (3) would be somewhat simplified to

(Vx€X) pru)=p (7 xn) . )



Machina and Schmeidler (1995) develop a system of axioms that should be imposed on the
decision-maker’s preference with its domain specified by the AA-acts, characterizing her as
PS with some unique probability charge, u, and some utility functional, V. In addition, their
axiomatic system forces V to be strictly monotonic in the sense defined below.

First, we define the concept of stochastic dominance. For any p,q € Y, p stochastically
dominates q if (Vx € X) 2(i|vi<x} plo< 2(jlsx) g’. Here, without loss of generality, we
are writing as p = (xl,pl; .x™ p™ and g = (z!, ql; ..., 7" ¢") with some integers, m and
n. If a strict inequality holds there for some outcome x, p strictly stochastically dominates ¢.

Then, we use the stochastic dominance relation to define the strict monotonicity of V. Let f
be any AA-act and let E be any set that constitutes the given finite partition of S (together with
the other sets). We denote by y the single simple lottery which f takes on when s € E. Also,
we define another AA-act, g, by: g(s) =y’ if s € E and g(s) = f(s) if s € S\E, where y’ is
any simple lottery. A preference functional, V, is strictly monotonic by definition if V(pr ,) >
V(pg, ) whenever y stochastically dominates y" and if V(py ) > V(pg, ) whenever y strictly
stochastically dominates y’.1* Henceforth, we always assume that V is strictly monotonic when

we mention the PS representation of the primitive preference

3 Characterizing the RDSEU with AA-Acts

This section attempts to achieve the first out of two objectives mentioned in the Introduction:
the characterization of the rank-dependent subjective expected utility (RDSEU) with its domain
given by the AA-acts.

To this end, the next subsection defines the decomposability of a probability capacity and
then presents the necessary and sufficient conditions for the capacity to be decomposable, which

plays a significant role in our objective of this section.

3.1 Decomposable Capacities and Scott’s Theorem

Given a measurable space, (S, &), we call a probability capacity, 6, on it as strongly decompos-

able (resp. weakly decomposable) if there exist a probability charge, p, on (S, <) as well as a

“Even if the domain of the preference is confined to the Savage acts, the definition of the strict monotonicity of

V remains as it was with (3) replaced by (4).



strictly (resp. weakly) increasing function such that (VE € &) 6(E) = y o p(E)."> Regardless of
whether it is either strictly or weakly increasing, the function, y, which appears in the definition
of the decomposability, will be referred to as a distortion function.

It is obvious that if a probability capacity is strongly decomposable, then it is also weakly
decomposable, while the converse does not hold true in general. Furthermore, it is well-known
that there exists some probability capacity which is not weakly decomposable and hence, nor
strongly decomposable. 6

A fundamental result of the probability capacity’s decomposition is Scott’s theorem (Scott,
1964; Gilboa, 1985), which characterizes the strong decomposability of the probability capac-
ity. To state the theorem precisely, we introduce a condition named weak additivity: Given
a measurable space, (S,.<7), a probability capacity, 8, on it is weakly additive if, for any
A,B,E,F € o satisfyingboth E C AN Band F C S\ (AU B), it holds that 6(A) > 6(B)
whenever 6((A\E) U F) > 6((B\E) U F) is true.

Basically, weak additivity requires that the set operation of subtracting a set from the
intersection of the given two sets and adding another set to outside the union of the same two
sets should not alter the “relative likelihood of occurrence” between the resultant two sets from
that between the original two sets, where the likelihood is measured by 6. Then, Scott’s theorem

declares the following.

Theorem 1 (Scott). Let o/ := 25. Then, for any convex-ranged probability capacity, 6, on
(S, &), it is weakly additive if and only if there exist a unique convex-ranged probability charge,
p, on (S, o) as well as a unique strictly increasing distortion function, y : [0, 1] — [0, 1], such

that 6 =y o p.

The theorem states that weak additivity is a necessary and sufficient condition for the given
probability capacity to be strongly decomposable, where the decomposition is unique, with
some additional assumptions. That is, </ needs to be 25, and a probability capacity is assumed
to be convex-ranged (and hence, S is forced to be an infinite set). For its proof, see Gilboa

(1985).

I5Note that it follows that both y(0) = 0 and y(1) = 1 by the definition of the probability capacity.
16See, for example, Chateauneuf (1991, p.364, Example 4).
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3.2 A Simple Exposition of the RDSEU

Before presenting our main theorem of this section, we exhibit a preference that is represented
by the RDSEU.

The RDSEU with AA-acts is a subclass of the CEU with AA-acts such that the probability
capacity derived in the CEU representation is strongly decomposable, and the decomposition is
unique in the sense of Scott’s theorem (Theorem 1).

Formally, the preference is represented by the RDSEU by definition if and only if there exist
a probability charge, p, on (S, &), a strictly increasing distortion function, v : [0, 1] — [0, 1],
as well as a non-constant affine function, # : ¥ — R, which is unique up to a positive affine

transformation such that for any pair of AA-acts, f and g, it holds that

frg o L w(£() (v 0 p) (ds) > Lu(gu)) (y 0 p) (ds), 5)

where the integrals are the Choquet integrals.

As we already pointed out, the probability capacity in the CEU is subjective one. Therefore,
the probability charge (together with the distortion function) that appears in the RDSEU is also a
subjective one because it inherits subjective nature from the CEU representation. Therefore, both
the subjective probability charge, p, in the representation and the objective probability charges
embodied in each AA-act play substantial roles in the RDSEU, just like the PS preference with
AA-acts.

3.3 The Representation Theorem

With all the main ingredients prepared, we are now ready to present the representation theorem
of the RDSEU with AA-acts, which is new as far as the authors know.

Along the lines mentioned in the Introduction, we first characterize the preference by the
CEU, and then we add the two new axioms in order to invoke Scott’s theorem (Theorem 1) for the
probability capacity derived in the CEU representation to be decomposed into the probability
charge and the distortion function.

Therefore, the first five axioms in the following list are exactly the same as those of Schmei-
dler (1989). The roles played by the remaining two new axioms will be explained right after

the exposition of the theorem.
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Also note that in the list of the seven axioms, an AA-act, f, of the form:

x on A

y on S\A

fo=
denotes the ‘binary’ act such that f(s) :=x e Yifse€ Aand f(s)=y eYifs ¢ A.

A1l (Ordering). > is complete and transitive.

A2 (Co-Monotonic Independence). For any mutually co-monotonic acts f, g, h € Lo and

A1), f>g=Af +(1—=Dh > g+ (1 — Dh.

A3 (Continuity). For any f,g,h € Lo, if f > g and g > h, then there exist @, 8 € (0, 1)
suchthataf +(1 —a)h > g > Bf +(1 = B)h.

A4 (Monotonicity). Forany f,g € Lo, if f(s) = g(s) forall s € S, then f x> g.
AS (Non-Degeneracy). There exist f, g € Lg such that f > g.

A6 (Smoothness). For any y,y’ with y > y’, any A € 25, and any a € [0, 1], there exists

B C A such that afy*"y, +(1-a)y ~ ffy,, where

A y on A
fyy = ,
y" on S\A

and ffy, are defined similarly with A replaced by B.

A7 (Rank-Dependent Comparative Probability). There exists a simple lottery y € ¥
such that, forany A,B,E,F C Swith E CAUB,F C S\ (AUB)and x € Y withx > Y,

x on (A\E)UF x on (B\E)UF
>
y on S\((A\E)UF) y on S\((B\E)UF)
x on A x on B
= >
y on S\A y on S\B

Our main theorem is stated as follows:

Theorem 2 (RDSEU). Let o/ := 25. A binary relation % on Lg satisfies Al, A2, A3, A4, AS,
A6 as well as A7 if and only if % is represented by the RDSEU in the sense of (5) with p

convex-ranged.
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The proof is relegated to Appendix A.1. Here, we provide a sketch of the proof. We
know from Schmeidler (1989) that the first five axioms characterize > as the CEU preference.
However, the probability capacity derived from these axioms is not necessarily convex-ranged
because of the AA-act framework he employs. This could be problematic for our purpose
because an application of Scott’s theorem requires the probability capacity to be convex-ranged
in an essential way. Axiom A6 guarantees that the probability capacity derived from Axioms
A1-AS is convex-ranged even in the AA-act framework.

The basic idea embodied in A6 is that the decision-maker can “smoothly” make a convex
combination between a binary act and a constant act better by making a better constant act in
that binary act occurring on a bigger event. By this “smoothness,” the resultant probability
capacity can be shown to become convex-ranged.

Note that the convex-rangedness of the probability capacity inevitably requires that .o/ be
equal to 25, which is why we assume it at the beginning of the statement of Theorem 2. Note
that because the CEU representation theorem with the AA-acts does not impose any restriction
on (S, &), the requirement of &7 = 25 is safely assumed. In addition, S must be an infinite set
for Axiom A6 to be meaningful.

Finally, Axiom A7 (as well as Axiom A6) seems to be new in the literature, and it enables
us to invoke Scott’s Theorem.

Consider a binary act consisting of a constant act y, which may be called a reference point,

and any constant act x which is strictly preferred to y. Also, assume that

It is then natural to imagine that the decision-maker believes that A is equally or more likely
to happen than B is. Now suppose that if £ C A N B is subtracted from both A and B and
if F € S\ (AU B) is added to both A and B, the decision-maker’s belief is still the same as
above. If such a belief structure of the decision-maker were translated into the language made
of the concept of probability capacity, it would become a sufficient and necessary condition for
the probability capacity to be decomposed into a strictly increasing distortion function and a
probability charge by Scott’s theorem. The requirement for the decision-maker’s belief about

the likelihood of events stated right above is nothing but Axiom A7.
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4 The Relation among CEU, PS, and RDSEU

This section attempts to achieve the second out of two objectives mentioned in the Introduction:
clarifying the role played by the objective probability charges embodied in each AA-act in the
preferences under uncertainty, including the CEU, the PS as well as the RDSEU with all their
domains specified by the AA-acts. In particular, we prove that within the class of the CEU
preferences with the AA-acts, the PS and the subjective expected utility (SEU) are equivalent.
To avoid being repetitious, the domain of each relevant preference is always the set of the
AA-acts unless otherwise stated in the remainder of the paper.

The first result claims that the RDSEU is contained in the class of the PS.!7 This is somewhat
intuitive because the RDSEU explicitly utilizes the probability charge, which is derived from

the axioms.

Proposition 1. If the binary relation % is the RDSEU, then it is also the PS when it is restricted

on Fy.

Next, we show that both the CEU and the PS “almost” imply the RDSEU. To put it another
way, within the class of CEU, the PS and the RDSEU are “almost” equivalent. Here, we say
“almost” because the PS is required only when the preference is restricted on the set of Savage

acts, Fy, and we need some technical conditions.

Theorem 3. Let o7 := 25, suppose that a binary relation % is represented by the CEU with
a convex-ranged probability capacity, and suppose that it is also represented by the PS with
a convex-ranged probability charge when it is restricted on Fy, '8 then it is represented by the

RDSEU. (Proof A.2 in Appendix)
Combining this theorem with Proposition 1 immediately shows the next result.

Corollary 1 (Almost Equivalence between PS and RDSEU Given CEU). Assume that &/ = 25
and that a binary relation % is represented by the CEU with a convex-ranged probability

capacity. Then, % is represented by the PS with a convex-ranged probability charge when it is

7For the related results, see also Grant and Kajii (2005) and Qu (2015).
18Note that in the framework employing only the Savage acts (that is, with no objective probability charges), the

probability capacity derived in the CEU by Gilboa’s (1987) axioms and the probability charge derived in the PS

by Machina and Schmeidler’s (1992) axioms are both automatically convex-ranged.
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restricted on Fy if and only if it is represented by the RDSEU with the convex-ranged probability

charge. ®

By virtue of the objective probability charges, the result can be much more sharpened
up to the exact equivalence. Furthermore, the distortion function appearing in the RDSEU

representation should be an identity mapping. More precisely, we can prove the next result.

Theorem 4 (Exact Equivalence between PS and SEU Given CEU). Suppose that a binary
relation % is represented by the CEU. Then, % is the PS if and only if it is the SEU. (Proof A.2

in Appendix)

Contrastingly, assuming that the preference is represented by the CEU only when it is
restricted to the set of all Savage acts, Fp, is not strong enough to deduce the exact equivalence
between the PS and the SEU. To see this fact, consider the next example of a preference which
is represented by the CEU when it is restricted to Fp and is also represented by the PS when
such a restriction is removed, and all the AA-acts are taken into account. This preference is,

however, not represented by the SEU, even if it is restricted to Fj.

Example 1. Let (S, /) be any measurable space representing a state space, let 4 be any simple
probability charge on it, let X be any finite outcome space, let Y is the set of (simple) probability
charges on X, and let u : X — R be any vNM index. Without loss of generality, we can
enumerate the elements of X so that X = {x1,x2, ...,x,} and u(xy) > u(xp) > - -+ > u(x,).

Given all these and any (simple) AA-act, f : S — Y, the specific element of ¥ which is
induced by u and f is denoted and defined by

(VxeX) pruehi= X u (/b)) -y,
yef(s)

Finally, we define the preference functional V : Y — R by
n—1 n
VfeLy) Vpr=ux)= D, ) —ue))y| D) pra({x}) ], (6)
k=1 j=k+1
where y : [0, 1] — [0, 1] is any strictly increasing surjective function.
The preference defined via V is certainly the desired example. For the detail, see Appendix

A3.

Summarizing the above discussions, we uncover how subjective and objective probabilities

are different not only in their concept but also in their implication for preference representation.

YNote that Theorem 2 implies that the probability charge that appears in the RDSEU representation under the

axioms there is convex-ranged.
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APPENDIX

A Proofs

A.1 Proof of Theorem 2 (RDSEU)

Step 1 (Schmeidler’s representation). First, we set (S, &) := (S, 25). Because Schmeidler’s
(1989) representation theorem imposes no restrictions on .27, this is totally permitted. Then, by

his theorem, the binary relation X satisfies A1-AS if and only if it is represented by

fzg & L u(f(s)) 6(ds) = L u(g(s)) 6(ds) , (7)

where 6 is some unique probability capacity on (S,25), and u : Y — R is some affine function
that is unique up to a positive affine transformation.

Step 2 (Some useful intermediary facts in Schmeidler’s representation theorem).2° In this
step, we list some useful results which appeared in the process of the proof of Schmeidler’s
theorem (1989). There exists an affine function u : ¥ — R which represents the restriction of
> on L.. By the affinity and non-degeracy, we can always find y*, y. € Y such that u(y*) = 1
and u(y.) = 0. Furthermore, according to von Neumann-Morgenstern’s theorem (1947), we
can define a function J : Ly — R via u (see Nishimura and Ozaki, 2017, A.2.1, p.263). Define
K := u(Y) and let Bo(K) be the set of 25-measurable K-valued simple functions on S. Also,
define a function U : Ly — Bo(K) by (Vf € Lo)(Vs € S) U(f)(s) := u(f(s)). Finally, we
define a functional I : Bo(K) — R by (Va € By(K)) I(a) := J(U~'({a})), where I turns out to
be well-defined. Therefore, by Theorem 2.4.5 (Schmeidler, 1986; Nishimura ana Ozaki, 2017,
p.44), it holds that both J(-) and I(U(+)) represent x> on Lo and (VE) 6(E) = I(E*) where

(Va € By(K)) I(a)= I a(s)do(s) .
s

Step 3 (6’s convex-rangedness). This step proves that, given A1-AS, the derived probability
capacity 6 in (7) is convex-ranged if and only if A6 is satisfied. Note that, under Al - AS, (7)

shows that

A 1- ’9d=J 40(9)) 6(ds) + (1 - /
Jsu(afy’y (8)+( a)y) (ds) =« Su(fy’y (s)) (ds)+ (1 - a)u@y’)

= a ((u(y) —u(y") 6(A) + u(y") + (1 = )u(y’) = af(A)u(y) + (1 — ab(A) u(y’), (8)
20For this step 2, see Nishimura and Ozaki (2017, A.2.5, p.268).
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by the affinity of u, as well as it also shows that

L u (fE,(5)) = 0BG + (1 - 6B, ©)

In deriving both (8) and (9), we invoked the definition of the Choquet integral.

In order to show the sufficiency of A6, let y := y* and y’ := y., where y*, y. € Y are both
derived in Step 2. Then, (8) and (9) are reduced to af(A) and 6(B), respectively. Because
A6 states that we could choose some subset B of A dependent on any a € [0, 1] so that
0(B) = af(A), 6 must be convex-ranged.

In order to show the necessity of A6, take any y,y’ € Y withy > y’, A € 25 and « € [0, 1].
If 6 is convex-ranged, we can choose some B such that B C A and 6(B) = a8(A). Thus, we
have (8) = (9) and we conclude that two acts evaluated by (8) and (9) are mutually indifferent,
which completes the proof.

Step 4 (A binary act f£7). First, define an act £ by

*

. on E
(VE 2% fE .= Y ,
v« on S\E

where y*, y. € Y are the ones found in Step 2. The objective of this step is to show that
(VE €2% J(fF)=I(E*)=0(E).

By definition of U (Step 2), U(fE)(s) = u(fE (s)) = u(y*) = 1if s € E and U(fE)(s) =
u(fE (s)) = u(y,) = 0if s € S\E (we used Step 2 again). Therefore, U(f£") = E*, showing that
together with the end of Step 2, J(fE) = I(U(fE")) = I(E*) = 6(E), where the second equality
is proved right above in this step.

Step 5 (6’s weak additivity). This step proves that, given A1-AS, the derived probability
capacity 6 in (7) is weakly additive if and only if A7 is satisfied.

In order to the sufficiency, assume that A7 is satisfied and let Y = Yo which is derived in
Step 2. Further, take any A, B, E,F C S and x € Y satisfying the conditions in A7. By the
affinity of u, we can always set x := y* so that u(x) = 1. By the definition introduced in Step 4,
note that
x on (A\E)UF and f((B\E)UF)* _|* on (B\E)UF
y on S\((A\E)U F) y on S\((B\E)U F)

FUaBLR)

Then, Step 4 implies

FUABWF) o o(B\WF) oy J( f«A\E)UF)*) S J( f(<B\E>UF)*)

& O((A\E)UF)>0((B\E)UF) , (10)
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where the first equivalence follows from the fact that J represents %, which is mentioned in Step

2. Furthermore, by similar notations and reasoning, we have

x on A x on B A B
> e 7 > f7 o 60(A) > 0(B). (11)
y on S\A y on S\B
By (10), (11) as well as A7 together imply the weak additivity of 8. Because 6 is convex-ranged
by Step 4, Scott’s Theorem (Theorem 1) proves that 6 is strongly decomposable.
To shoe the necessity, suppose that 6 is weakly additive and let y := y, € Y. Further, take

any A,B,E,F C S and x € Y that satisfy the conditions in A7. Finally, define four binary acts

f,g, f aswell as g’ by

f x on (A\E)UF x on (B\E)UF
= , 8=
y on S\((A\E)UF) y on S\((A\E)UF)
x on A x on B
f= and g’ :=
y on S\A y on S\B

Now, assume that f > g. Then,

f>godf)> g o L u(f(s))d6 > L u(g(5))do
o u(x)J o > u(x)J d6 < 0 ((A\E)UF) > 0 (B\E) U F)
(A\E)UF (B\E)UF

= 60(A)>0(B) & J de > J do & J u(f’(s))do > J u(g'(s))do
A B S s

e JNH>Jg)e f>g,

where the first and last equivalences hold by the fact that J represents > (Step 2); the second and
seventh equivalences hold by the definition of J (see Nishimura and Ozaki, 2017, p.269); the
third and sixth equivalences hold by the definition of the binary acts, f, g, f” and g’; the fourth
and fifth equivalences hold by the definition of the Choquet integral and because u(x) > 0 by the
assumption that x > y. (note that u(y.) = 0); and the implication holds by the weak additivity
of 6 by Scott’s Theorem (Theorem 1) because we are now assuming that § can be decomposed
into the unique strictly increasing distortion function and a unique convex-ranged probability
charge.

Step 6 (Completion of the proof). Because Steps 4 and 5 show that 6 is convex-ranged and
weakly additive, Scott’s Theorem (Theorem 1) provides a sufficient and necessary condition for
0 to be strongly decomposable. Together with Step 1, the whole proof of the statement that

Axioms A1-A7 characterize RDSEU is now complete. |

18



A.2 Proof of Proposition 4

Proof of (i). Suppose that > is the CEU with a convex-ranged probability capacity 6. Also,
suppose that > restricted on Fy is the PS, too, with a convex-ranged probability charge u.

For any E, F € 25 and any x, z € X with x > z, define the binary savage acts f := f£ and
g:=f" by

fE* - x on E and fF* - x on F
z on S\E z on S\F

Then, by definition, p ,({x}) = u(E) and pg ,({x}) = u(F). Therefore, pr , strictly stochas-
tically dominates p, , if and only if u(E) > p(F) because x > z and u(S\E) < u(S\F) by the
finite additivity of . Because the PS respects the ordering by strict stochastic dominance, we
must have f£° > " o w(E) > u(F).

On the other hand, because X is also represented by the CEU with the probability capacity
0, it follows that f£° > " o (u(x) — u(2))0(E) + u(z) > (u(x) — u(z))0(F) + u(z) for some
utility index u, which implies that £ > ff" o 6(E) > 6(F) because u(x) —u(z) > 0by x > z.

Eventually, we have established that the convex-ranged probability charge u and the convex-

ranged probability capacity 6 together satisfy
(VYE,F €2% wE) > u(F)  0(E) > 0(F)

where the convex-rangedness of p and 6 is a part of the assumptions. Therefore, by Nishimura
and Ozaki (2017, A.1.3, p.256), 6 can be strongly decomposable as 8 = y o u, where vy is a

strictly increasing distortion function, and thus, > is the RDSEU as desired. O

Proof of (ii). Take any simple savage act f € Fj. Because f(S) is finite, we may write f as
k
(Vse$) f(s)= lexiEf(S),
i
where (Vi) x; € f(S) C X, E; == f _1({x,~}) and E* denotes the indicator function of E; as before.
Obviously, (Ei)le is a finite partition of S.

Now, assume that x> is represented by the RDSEU with a probability capacity 6, a strictly
increasing distortion function y as well as a utility index u. Because f(S) is finite and u is
unique up to a positive affine transformation, we may assume that all u(x;)’s are non-negative by
applying such a transformation. Furthermore, we may assume that u(x;) is strictly decreasing

in i, by renumbering the indices i’s if necessary. Therefore, we may invoke (2) to represent the
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Choquet integral of f as:

k . .
f o fdy o p(s) = ux)y o p(En+ 3 u(xj)(y o p(ULiEi) =y o u (UL E:) ) L (12)

J=2

In (12), let (Vi = 1,...,k) V(E) = y o p(U_ E) —y o p(U'E) (let U E; = ¢).
Then, it follows that 25;1 v(E;) = 1. Also, it holds that (Vi) u '({u(x;)}) = x;. (Recall
that we assumed that u(x;) is strictly decreasing in i, implying that x; # x; if i # j.) Thus,
(p f,V({u‘l({u(xl-)})}))l."=1 describes the complete distribution of outcomes on X induced by f
via 8, y and u. Furthermore, if two simple Savage acts f and g have the identical induced
distribution on X, the value of the right-hand side of (12) coincide, by choosing the same u
so that the ranges of both f and g are contained in the set of non-negative real numbers. We,
therefore, conclude that the left-hand side of (12), that is, the RDSEU representation of a simple
Savage act serves as the preference functional for the PS.

The remaining task for us is to show that the RDSEU representation is strictly monotonic
in the sense described in Section 4.2

To this end, rewrite the left-hand side of (12) as follows (again by assuming the non-negativity

of u without loss of generality):

L(u o F)()d(y o u)(s) L(u o f)(s) db(s)

n

= — | —(uo f)(s)db'(s)

J

r0

= —| @ {sl-wo f)s)22z})-1)dz

J —00

r0

= - (d=-y(I-pu{s|-(uof)s)2z})-1)dz

J -

0
j (0= 1 ({s] =G f)(s) = 2)) dz, (13)

where the first equality is definitional: 8 := y o u; the second equality holds by the formula
of the Choquet integral by the conjugate capacity (Nishimura and Ozaki, 2017, Proposition
2.4.1, p.39), where the conjugate probability capacity of 6 is denoted and defined by (VA €
) 0'(A) =1 - 60(S\A); the third equality holds by the definition of the Choquet integral,
(1); the fourth equality holds by the definition of the conjugate (see right above); and the last

equality is a simple manipulation.

21See Grant and Kajii (2005, p.8-9) for a similar discussion to the one below.
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Next, let f and g be simple Savage acts, assume that u is non-negative without loss of

generality and assume that f stochastically dominates g :

(VzeRy) u({s eS|uo f)s) <zh) < u{s €S|uog)s) <z}).

Then, the following sequence of equivalent statements are obtained:

(VzeRy) u({s € Sl(uo f)(s) < z}) < u({s € S|(uog)s) < z})
& (VzeRo) u({s e S|mo f)(s) < —z}) < u({s € S|(u o g)(s) < —z})
© (VzeR) u({s e Sl-(o f)(s) 2 z}) < u({s € S|-(uo g)(s) > z})
© (VzeR) 1-u({seS|-(wo f)s) 2z}) 21— pu({s € S|-(uog)s) = z})
(=4

(VzeR_) y(I —u({s € S[=(uo f)(s) = z2}) = y(1 — u({s € S|-(u 0 g)(s) = z})),

where the last equivalence holds by the strict increase of .

When f strictly stochastically dominates g, the weak inequalities in the above equivalent
statements hold with the strict inequalities for some z. However, f and g are simple; the range
of such z’s has a positive Lebesgue measure.

Combining all these facts with the equation (13) proves that the preference functional is

strictly monotonic, which completes the proof. O

Proof of (iii). Suppose that the binary relation x is represented by the CEU with the probability
capacity 6 as well as a utility index u, and it is also represented by the PS with a probability
charge u.

Suppose that (Vx, y € X) x ~ y (as a pair of the degenerate constant acts). Then, (ii) trivially
holds true because the representation of any simple lottery act f € Lg is given by u(x) for any
x € X, which is trivially the SEU. We thus assume that there are two outcomes x,y € X such
that x +» y.

Next, consider the two simple, in fact, binary lotteries g, r € Y definedby g := (x, 1/2;y,1/2)
and r := (x,2/3;y,1/3), where we may assume that x > y without loss of generality by the
previous paragraph. Then, the affinity of u shows that u(q) = u(x)/2 + u(y)/2 > 2u(x)/3 +
u(y)/3 = u(r). Therefore, we may assume the existence of such a pair of binary lotteries that
u(q) > u(r) holds true again without loss of generality.

Now, let p, g, r € Y be three binary lotteries satisfying that supp(p) = supp(q) = supp(r) :=

{x,y} € X. By the preceding two paragraphs, we may assume that x, y € X is such that x » y,
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and that g,r € Y is such that ¢ > r. Also, let A € & and consider the following two simple

lottery acts f and g: (Vs € S) f(s) := p and

g on A
8=

r on S\A

Here, we make two simple observations. First, note that the distributions induced on X by

fandg,ie., pr,and p, ,,are equal if and only if

p(x) = p(A)g(x) + (1 = u(A)r(x) (14)

by (3). Therefore, it holds that f ~ g whenever (14) is satisfied because X is represented by the
PS with u.
Second, by the assumption that u(q) > u(r), the CEU representations of f and g, denoted

by U(f) and U(g), respectively, is given by:

U(f) = pux)+p(y)uly) = peux) + (1 = px)u(y) and
U®) = (@A) +u(r)(1 - 6(4)
= (9u0) + g0u))0A) + (rue) + rIum)(1 - 6(4)
= (0A)g@) + (1 = 04 utx) + (04)g() + (1 = AN u(y)
= (004)g(0) + (1 = 0ANr(0) Jutx) + (A1 = gx)) + (1 = HAN( = () ()
= (840 + (1 = 6Ar0) Jutx) + (1= 6(A)Yg@) = (1 = BAYFD) Ju(y),
implying that

U =UE) & (pe)=(0(A)qe) + (1 - 64D (u) - u(y)) = 0

& pl)=0(A)qx)+ 1 -0(A)r(x), (15)

where the second equivalence relation holds by the assumption that u(x) # u(y).
Finally, by combining the equations (14) and (15), we have the following successive impli-

cations:

u(A)q(x) + (1 = p(A)r(x) = 8(A)q(x) + (1 — 6(A))r(x)
= (u(A) = 0(A)(g(x) —r(x)) =0
= u(A)=6(4),
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where the last implication holds by the fact that g(x) # r(x) because g > r is assumed. Because
the last equality holds for an arbitrary A € 7, we conclude that 6§ = u, and thus, that > is

represented by the SEU with the probability charge u, which completes the proof. O

A.3 Details of Example 1

We show that the preference relation represented defined in Example 1 is represented by the
CEU on the Savage act and satisfies PS for any AA-acts.

Step 1 (Showing that the preference defined in the main text is monotonic, and hence, it
is PS.) By the way of enumerating x;’s and because v is strictly increasing, V thus defined
is monotonic with respect to the stochastic dominance relation between any two AA acts.

Therefore, the preference with V defined by (6) is certainly the PS preference with the AA acts.

Step 2 (Showing that the restriction of (6) to the Savage acts is represented by the CEU.)

First, recall that, when the relevant acts are only the Savage ones, (3) will become

(VxeX) pruCo=p(f ) -
Therefore, the preference defined via (6) in the previous step will be simplified as follows:

For any Savage act f € Fy,

n—1 n
u(rn) = > (ulxe) = uxan)) y ( > (s ({Xj})))
k=1 Jj=k+1

V(ps.u)

n—1 n
= u(x1>—2(u<xk>—u(xk+1>>y( Dl u{se S|u(f<s>)=u(x,~)}))
k=1

Jj=k+1

n—1

= u(x) = > () —u@xes) y (1 ({s € Su(f(5)) < ulxr1)})
k=1

n—1

= (o) = > (ueg) = uCeee) y (1= p ({s € STu(f () > ules)}))
k=1

n—1

= uen) + > (uxp) = uCesn)) [1 =y (1= ({5 € S{u(f(s) > ulxs1)}))]
k=1

n—1

= > (uxp) = u(xgs))
k=1

n—1

= D () = ulxie) [T =y (1= u({s € S|u(f(s)) > uCrre)})] + uxy)
k=1

n—1

= > () = ulesn) 0 ({s € Su(f(9)) > uleer)}) +ulxy)
k=1

Lu(f(s)) dos),
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where the last expression is the Choquet integral with respect to the probability capacity defined
by
VEed) 6O6E)=1-vy(-ukE)).

Therefore, we conclude that the PS preference with the AA acts constructed in Step 1 will be
represented by the CEU when it is restricted to the Savage acts.

Moreover, if we define a mapping ¥ : [0,1] — [0, 1] by (Vx) ¥(x) := 1 —y(1 — x), the
capacity 6 derived above can be decomposed into a probability charge u and a strictly increasing
surjective function ¥ as § = y o u, which reveals that the example of the PS preference with
the AA acts will become the rank-dependent subjective expected utility (RDSEU), which is a

proper subclass of the CEU preference when restricted to the Savage acts.

Step 3 (Completion of the proof.) We have offered an example that satisfies all the as-
sumptions. Now let y be any strictly increasing function from [0, 1] onto itself, which is not
the identity mapping. It is then obvious that the example we offered is not the SEU, which

completes the proof.
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