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1. INTRODUCTION

We consider a voluntarily repeated game in a large society of homogeneous
players. Players are randomly matched to play a two-person prisoner’s dilemma,
and, after each round of play, they can choose whether to continue playing the
game with the same partner or not. FEach direct interaction (a partnership)
is voluntarily separable, and, moreover, there is no information flow to other
partnerships. In a partnership, there is a merit of mutual cooperation but there
is a gain by free-riding on the partner’s cooperation as well. There are many
real-world situations which fit this model. Borrowers can move from a city to
another after defaulting. Workers can shirk and then quit the job.

We consider boundedly rational players who are endowed with a pure strategy
to play the voluntarily repeated game and develop a general framework of evolu-
tionary stability that can be applied to general component games. A voluntarily
repeated game is an extensive form game, and thus there are many strategies
that only differ in the off-path. Hence invasion concept needs to be carefully de-
fined. We extend Neutrally Stable Distribution (NSD) concept to our extensive
form model, under which no other strategy earns strictly higher payoff than the
incumbents do.

Known disciplining strategies such as trigger strategies (Fudenberg and Maskin,
1986) and contagion of defection (Kandori, 1992, and Ellison, 1994) do not sustain
cooperation in our model. There are two reasons. First, personalized punishment
is impossible due to the ability to end the partnership unilaterally and the lack
of information flow to the future partners. Second, the large society and random
death make it impossible to spread defection in the society to eventually reach
the original deviator. Our model describes a large, anonymous, and member-
changing society, which needs a different type of discipline from those of a society
of directly interacting long-run players.

Previous literature on voluntarily repeated games focused on symmetric strat-

egy distribution in which all (rational) players play the same strategy and showed



that a gradual-cooperation strategy sustains eventual cooperation (Datta, 1996,
Kranton 1996a, and Ghosh and Ray, 1997) for many-action prisoner’s dilemma as
the component game. By contrast, we consider the ordinary two-action prisoner’s
dilemma (and thus gradual increase in the cooperation level is not feasible) and
both symmetric strategy distributions and asymmetric strategy distributions in
which multiple strategies co-exist in the population. Among asymmetric strategy
distributions, some can be considered as similar to a symmetric distribution in
the sense that there is no voluntary break-up on the equilibrium path. (These are
called single-norm strategy distributions.) Others are fundamentally asymmetric
with voluntary break-ups, called multi-norm strategy distributions. Asymmetric
strategy distributions among homogeneous players has not been considered in the
literature.

To make the analysis as thorough as possible, we focus on simple strategy
NSDs, consisting of simple strategies which ends the partnership as soon as the
observed action path is not acceptable. Since a deviator can unilaterally end a
partnership, no other punishment can achieve a lower continuation payoff than
ending the partnership. Moreover, simple strategies have natural interpretation
of social behavior of boundedly rational players, following a norm and escaping
from norm-violators.

Single-norm NSDs require sufficiently long periods of trust-building such that
partners play (D, D) but keep the partnership. The logic is the same as the
gradual cooperation literature that deviators are punished by a low payoff of new
partnerships to start trust-building again. We identify a relationship between the
death rate (discount factor) and the sufficient length of trust-building periods.

By contrast, multi-norm NSDs can start the cooperation periods earlier than
single-norm NSDs, thanks to possible exploitation by another strategy, which
also serves as a punishment. Hence under the same payoff parameters and death
rate, multi-norm NSD is more efficient than the most efficient single-norm NSD.

The idea that diverse strategies make it valuable to keep a partnership with the



same-strategy partner is similar to Ghosh and Ray (1997) and Rob and Yang
(2005) of incomplete information model. We show that diverse strategies arise in
a complete information, homogeneous population game.

The trust-building periods can be viewed as a signal to distinguish cooperative
strategies from others. Then it is natural to extend the model to allow cheap-talk.
When cheap-talk is introduced at the beginning of a new partnership, the most
efficient NSD is the unique NSD that cannot be invaded by equilibrium entrants
(Swinkels, 1992).

This paper is organized as follows. In Section 2, we introduce the formal model
and stability concepts. In Section 3, we give necessary and sufficient conditions
for single-norm NSD. In Section 4, we analyze multi-norm NSD. In Section 5 we

discuss extensions including the cheap-talk model and give concluding remarks.

2. MODEL AND STABILITY CONCEPTS

2.1. Model

Consider a society with a continuum of players, each of whom may die in each
period 1,2, ... with probability 0 < (1—9) < 1. When they die, they are replaced
by newly born players, keeping the total population constant.

When a player is newly born, he enters into the matching pool where players
are randomly paired to play a Voluntarily Repeated Prisoner’s Dilemma (VRPD)
as follows.

In each period, players play the following Fxtended Prisoners’ Dilemma (EPD).
First, they play ordinary one-shot prisoners’ dilemma, whose actions are denoted
as C'ooperate and Defect. After observing the play action profile of the period by
the two players, they choose simultaneously whether or not they want to keep the
match into the next period (action k) or bring it to an end (action e). Unless both
choose k, the match is dissolved and players will have to start the next period
in the matching pool and be randomly paired to play another VRPD anew. In
addition, even if they both choose k, partner may die with probability 1 —4 which
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forces the player to go back to the matching pool next period. If both choose
k and survive to the next period, then the match continues, and the matched
players play EPD again.

Assume that there is limited information available to play EPD. In each pe-
riod, players know the VRPD history of their current match but have no knowl-
edge about the history of other matches in the society.

In each match, a profile of play actions determines the players’ instantaneous
payoffs for each period while they are matched. We denote the payoffs associ-
ated with each play action profile as: u(C,C) = ¢, u(C,D) = ¢, u(D,C) = g,
u(D, D) = d with the ordering g > ¢ > d > {. (See Table I.)

Because we assume that the innate discount rate is zero except for the pos-
sibility of death, each player finds the relevant discount factor to be § € (0,1).
With this, life-long payoff for each player is well-defined given his own strategy
(for VRPD) and the strategy distribution in the matching pool population over
time.

Let t =1,2,... indicate the periods in a match, not the calendar time in the
game. Under the limited information assumption, without loss of generality we
can focus on strategies that only depend on ¢ and the private history of actions

in the Prisoner’s Dilemma within a match.! Let
H, :={C, D}*""1

be the set of partnership histories at the beginning of t > 2 and let Hy := {(}.

TABLE 1
PAYOFF OF PD

P1\P2| C D
C c,cl|ll g
D g, 0| d,d

!The continuation decision is observable, but strategies cannot vary depending on combina-
tions of {k, e} since only (k, k) will lead to the future choice of actions.
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DEFINITION. A pure strategy s of VRPD specifies (x4, y;)72, where:

x; : Hy — {C, D} specifies an action choice z;(h;) € {C, D} given the partnership
history h, € H;, and

v Hy x {C,D}? — {k,e} specifies whether or not the player wants to keep
or end the partnership, depending upon the partnership history h; € H; at the

beginning of ¢ and the current period action profile.

The (infinite) set of pure strategies of VRPD is denoted as S and the set of
all strategy distributions in the population is denoted as P(.S). For simplicity we
assume that each player uses a pure strategy.

We investigate stability of stationary strategy distributions in the matching
pool. Although the strategy distribution in the matching pool may be different
from the distribution in the entire society, if the former is stationary, the distribu-
tion of various states of matches (strategy pair and the “age” of the partnership)
is also stationary, thanks to the stationary death process. Hence stability of sta-
tionary strategy distributions in the matching pool implies stability of “social
states”. By looking at the strategy distributions in the matching pool, we can

directly compute life-time payoffs of players easily.

2.2. Life-time and Average Payoff in a Match

When a strategy s € S is matched with another strategy s’ € S, the expected
length of the match is denoted as L(s,s’) and is computed as follows. Notice
that even if s and s’ intend to maintain the match, it will only continue with
probability 4%, which is the probability that both survive to the next period.
Suppose that if no death occurs while they form the partnership, s and s will
end the partnership at the end of T'(s, s')-th period of the match. Then

, 1 — 52T(s,s’)
L(S, 3,) =1+ 62 + 54 4+ 52{T(575 )—1} — 1—52

The expected total discounted value of the payoff stream of s within the match

with s' is denoted as V{(s,s’). The average per period payoff that s expects to

5



receive within the match with s’ is denoted as v!(s, s’). Clearly,

_ Vis, s
L(s,s")

vl(s,s') : cor Vs, s') = L(s, ) (s,s).

2.3. Life-time and Average Payoff in the Matching Pool

Next we show the structure of the life-time and average payoft of a player en-
dowed with strategy s € S in the matching pool, waiting to be matched randomly
with a partner. When a strategy distribution in the matching pool is p € P(.S)
and is stationary, we write the expected total discounted value of lifetime payoff
streams s expects to receive during his lifetime as V(s;p) and the average per

period payoff s expects to receive during his lifetime as

Vis;p
o(sip) = C (1 gyv(sen),
where L=1+6+02+ .- = ﬁ is the number of total days s expects to live.

A straightforward way to compute V(s;p) is to set up a recursive equation.
If p has a finite support, then we can write

Visp) = Y #s)|[Vi(ss)

s’ €supp(p)

FO(L = {1+ 62 4o 4 G272y 4 T 6)V (s p)

where supp(p) is the support of the distribution p, T'(s, s’) is the date at the end
of which s and s’ end the match, the sum 6(1 — §){1 + 62 + - -- + 527N} jg
the probability that s loses the partner s’ before T'(s,s"), and 6217(=)=1}§ is the
probability that the match continued until 7'(s, s’) and s survives at the end of
T(s,s’) and goes back to the matching pool.
Let L(s;p) = 3y csupp(p) P(8)L(s, s"). By computation,
Visp) = 3 pls)|[Vi(s.8) + {1~ (1= 0)L(s,5)}V(s:p)]
s'€supp(p)
L(s;p)

= Y p(s')vf(s,s’)+{1—T’p}V(S;p)

s’ €supp(p)



Hence the average payoff can be decomposed? as a convex combination of

“in-match” average payoft:

v(s;p) = 2 =

s'€supp(p)

where the ratio L(s,s")/L(s;p) is the relative length of periods that s expects to
spend in a match with s’. In particular, if p is a monomorphic strategy distribu-

tion3consisting of a single strategy s, then

v(s;p) = v' (s, 8).

2.4. Nash Equilibrium

DEFINITION. Given a stationary strategy distribution in the matching pool p €
P(S), s € S is a best reply against p if for all s € S,

v(s;p) > v(s'sp),

and is denoted as s € BR(p).

DEFINITION. A stationary strategy distribution in the matching pool p € P(S)

is a Nash equilibrium if for all s € supp(p),
s € BR(p).

For any pure strategy s € S, let ps be the (“monomorphic”) strategy distri-

bution consisting only of s.

LEMMA 1. For any pure strateqy s € S that starts with C int = 1, ps is not a

Nash equilibrium.

ZHowever, this means that, in general, v(s;p) # Y., p(s)v! (s, s’). That is, v is not linear in
the second component. This is due to the recursive structure of the V' function.

3If the partnership outcome is monomorphic, i.e., the same for all matches in the society,
then we call a strategy distribution as monomorphic outcome distribution. This distinction
becomes important in Section 5 where we consider equivalent strategies.
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PROOF: Consider a myopic strategy d as follows.

t =1: Play D and e (end the partnership) for any observation.

t > 2: Since this is off-path, any action can be specified.

Clearly, J—strategy earns g as the average payoff under p,, which is the maximal
possible payoff. Le., d € BR(ps) and s ¢ BR(ps), which proves the assertion.
Q.E.D.

Therefore, trigger strategy used in the ordinary folk theorem of repeated pris-
oner’s dilemma cannot constitute even a Nash equilibrium. There needs to be at
least one period of (D, D) in any equilibrium.

By contrast, p; consisting only of J—Strategy is a Nash equilibrium. Against
CZ, any strategy must play one-shot PD. Hence, any strategy that starts with C' in
t = 1 earns strictly smaller average payoff than that of d, and any strategy that

starts with D in ¢ = 1 earns the same average payoff as that of d.

2.5. Neutral Stability

Recall that in an ordinary 2-person symmetric normal-form game G' = (S, u),
a (mixed) strategy p € P(S) is a Neutrally Stable Strategy if for any g € P(S),
there exists 0 < €, < 1 such that for any € € (0,€,), Eu(p, (1 — €)p + eq) >
FEu(q, (1 —€)p + €q). (Maynard Smith, 1982.)

An extension of this concept to our extensive form game is to require a strategy
distribution not to be invaded by a small fraction of a mutant strategy who enters

the matching pool in a stationary manner.

DEFINITION. Given € > 0 and a (stationary) strategy distribution p € P(S) in

the matching pool, a strategy s’ € S invades p if for any s € supp(p),
v(s;(1—€)p+epy) > v(s; (1 —€)p+ epy), (2)
and for some s € supp(p),
v(s5(1—€e)p+epy) > v(s; (1 —€)p+ epy), (3)
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where py is the monomorphic strategy distribution consisting only of s’.

A weaker notion of invasion that requires weak inequality only (which is used
in the notion of Evolutionary Stable Strategy) is too weak in our extensive-
form model since any strategy that is different in the off-path actions from the

incumbent strategies can invade under the weak inequality condition.

DEFINITION. A (stationary) strategy distribution p € P(.S) in the matching pool
is a Neutrally Stable Distribution (NSD) if, for any s’ € S, there exists € € (0,1)

such that s’ cannot invade p for any € € (0, €).

If a monomorphic strategy distribution consisting of a single pure strategy
s is a neutrally stable distribution, then s is called a Neutrally Stable Strategy
(NSS). The condition for s to be a NSS reduces to: for any s’ € S, there exists
€ € (0,1) such that, for any € € (0, €),

v(s; (1 = €)ps + epyr) > v(s'; (1 — €)ps + epy).

It can be easily seen that any NSD is a Nash equilibrium.

An underlying assumption of this definition is that mutation takes place rarely
so that only single mutation occurs within the time span in which stationary
strategy distribution is formed. To compute the average payoff we need the
expected length of the life-time of a mutant strategy. Our definition requires that
the incumbents are not worse-off than mutants even if mutants stay stationarily
in the population, let alone if they die out. While we do not insist that the above
definition is the best among we can imagine, it is tractable and justifiable.

The next proposition shows that the myopic J—strategy can be invaded by
a trust-building strategy which initially plays D but keeps the partnership to
distinguish itself from the myopic strategy. If it meets the same strategy, they
can play C after the first period, and if it meets the myopic strategy, it does not

earn worse payoff than the myopic strategy.

LEMMA 2. Myopic d-strategy is not an NSS.



PROOF: Consider the following c;-strategy.

t = 1: Play D and keep the partnership if and only if (D, D) is observed in the
current period.
t > 2: Play C and keep the partnership if and only if (C, (') is observed in the

current period.

For any € € (0,1), let p:= (1 — €)p; + €ep;. From (1),

v(dip) = d
Licv,d) ;5 Lle,a)
p) = (1— d) + e X0V d
v(er;p) ( E)L(cl; )v (c1,d) + € L) v (er,01) > d,
since v/ (cy,d) = d, and v!(cy, ¢1) = (1 — 62)d + 6%¢ > d. Q.E.D.

3. SINGLE-NORM, TRUST-BUILDING STRATEGY DISTRIBUTIONS

The ¢;-strategy that can invade the myopic d-strategy distribution has the
property that it keeps the partnership if and only if the sequence of action profiles
{(D,D),(C,C),(C,C),...} is followed in the partnership. One can interpret
the strategy as having the path {(D, D), (C,C),(C,C),...} as its “norm” and
punishing as soon as the norm is violated.

In the following, we restrict our attention to such strategies, to make our
analysis as complete as possible. S contains infinitely many strategies, some of
which only differ in off-path actions, and it is endless to try to characterize all
possible equilibria.

Specifically, we focus on the following simple strategies, which carry out the
maximal individually rational punishment to end a partnership if unexpected
behavior is observed. The idea of simple strategies is similar to that of Abreu’s
(1988), except that we define strategies instead of strategy profiles to fit for
our evolutionary model. There is a set of acceptable paths of action profiles
for a player/strategy, and if there is a deviation from the acceptable paths, the

player/strategy ends the partnership immediately. Because the deviator can end
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the partnership unilaterally, ending the partnership is the maximal punishment,
i.e., the optimal penal code.

Let Q = U2, ({C, D} x {C, D,0})*V be the set of action profile paths in a
partnership. Interpret that the first coordinate is the player’s own action and the
second coordinate is the current partner’s action. The () means that any action
by the partner is not acceptable, i.e., the strategy intends to end the partnership
regardless of the observation at that point. For any ¢ € Q, let |¢| be the length

of the sequence ¢, i.e., the number of action profiles contained in q.
DEFINITION. ) C 2 is the set of acceptable paths if,

(1) for any ¢,¢' € @ and any t = 1,2,... min{|q|, ||}, (¢(1),...,q(t — 1)) =
(¢'(1),....dE—1)) = al) = ¢{);

(2) for any ¢ € Q, if ¢2(t) = () for some ¢, then |g| = ¢.

The first condition requires that if observed path up to ¢ is the same, the
same own action is specified at ¢. This guarantees that the action is uniquely
determined after any acceptable observed path. The second condition means
that if a strategy intends to end the partnership at ¢, then the specification of
the acceptable path ends there.

DEFINITION. For any set of acceptable paths @ C €, a strategy s(Q) € S is a
simple strategy if, in each period t,

(i) in the stage game, it plays according to the unique ¢i; generated by () and
the observed path; and

(ii) in the continuation decision phase, it keeps the partnership if and only if the

observed path is contained in Q).

We can extend the ordinary C-trigger strategy to our model as a simple strat-

egy with the singleton set of acceptable path

Q= {(C, )%}
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In this case the strategy starts the game by playing C' and ends the partnership
as the punishment, as soon as deviation from (C,C) is observed. As noted after
Lemma 1, this strategy is not a candidate of NSS and thus will not be discussed

below. The myopic J—strategy is also a simple strategy with

QJ - {(D7®)}

In this section we consider single-norm simple strategy distributions, under
which no voluntary separation occurs on the play path. A single-norm distribu-
tion may consist of multiple strategies, but they are in coordination so that their

actions are mutually acceptable.
3.1. Symmetric Action Simple Strategies

In this subsection we focus on simple strategy distributions whose acceptable
paths have only symmetric action profiles. In particular, we analyze trust-building
strategies whose acceptable paths look like {(D, D), ..., (D, D), (C,C),...}. Strate-
gies which revert to (D, D) after some periods of (C, C') do not earn higher average
payoffs than those that continue (C, C) forever after and thus are not candidates
of NSD. To play (C,C) at some point, the partners need some periods of (D, D)

due to Lemma 1.

DEFINITION. For any T' = 1,2,3,..., let cp-strategy be the symmetric-action

simple strategy with the singleton set of acceptable paths

T times
N\

Ve

Q.r = {((D,D),...,(D,D),(C,C),(C,C),...)}

We call the first T periods of cp-strategy as the trust-building periods and the
periods afterwards as the cooperation periods.

We identify a condition that strategies which differ from ¢y in one-step (in
particular during the cooperation periods) do not give a higher payoff than cp-

strategy.* Let pr be the monomorphic strategy distribution consisting only of

4Note that the literal one-step deviation strategy is not feasible for our players since they
cannot play differently across partnerships. However, if cp-strategy in unimprovable by infea-
sible one-step deviation, then it is unimprovable within S.
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cr-strategy. The average payoff of cp-strategy when pp is the stationary strategy
distribution in the matching pool is computed as follows. A match of ¢y against
cr continues as long as they both live and the payoff sequence is d for the first T
periods and c thereafter:

1
L(cr,er) = 1+52+"':1_—62,

Vier,er) = {1+82 4 +82TNag+ (02T +-- e

Since v(cy; pr) = v!(er, or) = LI((CCTT’;:CTT)), the average payoff is
v(er;pr) = (1=6"")d +6"e. (4)

The average payoff that a player with cp-strategy expects to receive in the
partnership with another cy-strategy from t-th period on is denoted as v!(cr, er, t)
and is called continuation average payoff in a match. 1t is increasing for t < T,
as less and less time is spent for trust-building, and it stays constant at ¢ for any
t>T+1.

{ (1 _ 52(T7t+1))d + 52(T7t+1)c if T >t

v'(er,er,t) = i ot>T 41

Let L(s, s’,t) be the expected length of a match of s with s’ from ¢-th period
on; ie., L(s, s t) =1+ 0%+ -+ 62T~ When c¢p is matched with another
cr, L(er,er,t) = ﬁ for any ¢. If one follows cp-strategy, the continuation aver-
age payoff is v/ (cy, cp,t) for L(cr, er,t) periods, and for the rest (L — L(cr, cr, t)
periods), it is v(er; pr) since it has to go through the matching pool. By con-
trast, one-step deviation from cp-strategy at t-th period (where ¢ > T') gets the
immediate payoff of g, but for the rest (L — 1 periods), the continuation average

payoff is v(cr; pr). Therefore, no one-step deviation during cooperation periods

earns higher payoff than cp-strategy if and only if

g+ (L —Dv(er;pr) < L(er, er, )0 (er, er,t) + {L — L(cr, cr, t) }v(cr; pr)

<~ g — UI(CTv Cr, t) S {L(cTa cr, t) - 1}[UI(CTa cr, t) - U(CT§pT)]'
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FIGURE 1. — The trust capital of cp-strategy in a match with cp.

(Parameter values: ¢ =10,d =1,6 =0.9,7 =5.)

We call the RHS of the above inequality, {L(cr,cr,t) — 1} vl (cr, e, t) —
v(er; pr)l, trust capital of cp-strategy at the beginning of ¢-th period in a match
with another cp-strategy. It is initially zero and increases until the cooperation
periods start.

While the average gain of deviation is g—v!(er, cp, t), the loss of future average
value is the trust capital. Since L(cr,cr,t) = ﬁ and v!(cr, cr,t) = ¢, the best
response condition that cpr-strategy is better than any one-step deviation during

the cooperation periods is

52 c—(1-26°
g—c< > lc —v(er; pr)] <= v(er;pr) < % = VPR, (5)
Since v2% is independent of the length T of trust-building periods and v(cr; pr)

decreases as T increases, there is a lower bound to 7" that warrants (5).

Now we prove that in fact the best response condition (5) is the only condition
that is required for pr to be a Nash equilibrium. Let on-path history at a decision
node of t =1,2,3,..., be the play path until the decision node of the ¢-th period
in a match of two cp-strategies. That is, the on-path history in PD in periods
t < Tis (D,D)"" and in periods t > T + 1 is {(D,D)”,(C,C)*T=V}. The

on-path history at the continuation decision phase is similarly defined.
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LEMMA 3. Take an arbitrary T = 1,2,3,.... Let pr be the stationary strategy

distribution in the matching pool, consisting only of cp-strategy.

(a) Any strategy that ends the match in some period t = 1,2, ... along on-path

history is not a best reply against pr.

(b) Any strategy that chooses C' at some t < T 41 along on-path history is not

a best reply against pr.

(c) Let s be any strategy that chooses D at somet > T+1 along on-path history.

Then v(cr; pr) > v(s;pr) if and only if v(er; pr) < vBE.
PROOF: See Appendix.

In the explicit expression of the parameters, the best response condition can

be written as
_ 201 _ 52T
g—c_ 0%(1 —6*")
c—d— 1-§°
Given (G,T), define §,(7T) as the solution to
g—c 52(1 — 621)
c—d  1-042

Then the best response condition (5) is satisfied if and only if 6 > 0,(7). It is

easy to see that

g—=¢ g—=¢
de(1) = C_d>"‘>éc;(oo): g—d

Although J(1) may exceed 1, d,(c0) < 1. Hence for any § > 0(00), there
exists the minimum length of trust building periods that warrants the best re-

sponse condition;
7(0,G) == argmin.en, {da(7) | 0 > do(7)}.
(See Figure 5 in Section 4.3.)

PROPOSITION 1. For any G and any 6 € (d5(00),1), the monomorphic dis-
tribution pr consisting only of cr-strategy is a Nash equilibrium if and only if

T >1(5,G).
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PROOF: (Can be omitted.) Lemma 3 implies that no strategy which differ on the
play path from cp-strategy is better off if and only if T is sufficiently long so that
(5) holds, i.e., T > 7(0,G). Strategies that differ from cp-strategy off the play

path do not give a higher payoft. Q.E.D.

Proposition 1 shows that for sufficiently high survival probabilities and suffi-
ciently long trust-building periods, voluntarily repeated cooperation is sustained.
Note that the lower bound to the discount factor (as §2) that sustains the trigger-
strategy equilibrium of the ordinary repeated prisoner’s dilemma is ;7_;2 =
d(00). This means that cooperation in VRPD requires more patience.

Next we investigate whether the monomorphic strategy distribution py, when
it is a NE, is neutrally stable. In general, in order to check whether a Nash

equilibrium strategy is a NSS, we only need to consider mutants that are best

replies to the Nash equilibrium strategy.

LEMMA 4. Suppose p € P(S) is a NE. If a pure strateqy s' € S invades p, then

s’ is an alternatvie best reply to p, i.e., s € BR(p).

PROOF: (Obvious from (1). Can be omitted.) See Appendix.

There are only two kinds of strategies that may become alternative best replies
to pr. The obvious ones are those that differ from cp-strategy off the play path.
These will give the same payoff as cp-strategy and therefore cannot invade pr.
The other kind is the strategies that play D at some point in the cooperation
periods. When 7" > 7(d, G), however, Lemma 3 (c) implies that such strategies
are not alternative best reply. Therefore cr-strategy is NSS for this case.

It may happen that (0, G) allow an integer 7(d, G). For this case, we consider
an alternative best reply to pr (T" = (0, G) hereafter) which earns the highest
payoff when meeting itself. Among alternative best replies (that play D at some
point in the cooperation periods), cryq earns the highest payoff when meeting

itself. It suffices to identify a condition that cp.i-strategy cannot invade pr.
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For any T, let p5.t'(a) = apr + (1 — a)pr.1 be a two-strategy distribution of

cr and cpy .

LEMMA 5. For any 6 € (85(00),1) and any T = 0,1,2..., v(cr;pn(a)) is

strictly increasing and concave function of c.

PROOF: See Appendix.

BR

a
1

v(eryt; p?“ (04))

FIGURE 2. — The value functions of cp-strategy and cpgi-strategy when T =
(6, G).

(Parameter values: g =10,¢c =6,d=1,{=—1,0 = %,T =7(0,G)=1.)

LEMMA 6. For any ¢ € (05(00),1) and any T =0,1,2... such that T < 7(6,G),
v(ery; prt(a)) is strictly increasing and convex function of a.
PROOF: See Appendix.

cri1-strategy cannot invade pr if and only if the slope of v(cr; ph™(a)) is

strictly smaller than the slope of v(cry1;p-'(a)) at @ = 1, see Figure 2.
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LEMMA 7. Take any G and any § € (d5(00),1). Let T' = 7(0,G). Then

Ov(cr; pr (@) (e pr (@)
oo’ a=1 da a=l
iof and only if
[1— 0% T+D](g—0) < c—d. (6)

PROOF: (By computation. Can be omitted.) See Appendix.

Hence, if we define 7(6, G) implicitly as the solution to
10T )(g—0) =c—d,

then c;(5,)41-strategy cannot invade p;(s,) if and only if 7(6, G) > 7(6, G).
To interpret (6), notice that L(cp,er) = 1+ 6% + -+ and L(cpyq,cr) =
1+ 062+ ---+ 6%, Hence the condition (6) is equivalent to

(9 =€) L(cryr,cr) < (¢ —d)L(cr, cr) (7)

at T = 7(d,G). The RHS can be interpreted as the relative merit of c¢p-strategy
against cpyq-strategy (to start cooperating one period early when meeting itself)
and the LHS is the relative merit of ¢y yq-strategy (when meeting the other strat-
egy). As ¢ increases (when G is fixed), T must increase to keep the equality (6).
Thus 7 is an increasing function of §. (See Figure 5 in Section 4.3.)

In sum, we have the following parametric condition for the existence of single-

norm symmetric NSS.

PROPOSITION 2. (a) For any G and any 6 > d.(00) such that 6 # 0,(T) for
any T, cp-strategy is NSS for any T > (6, G).

(b) For any G and any 6 > d.(00) such that 6 = 0,(T) for some T, cp-strategy

is NSS if and only if T = 7(6,G) > 7(0,G).

In words, when ¢ is large enough, voluntarily repeated cooperation after trust-
building is NSS with sufficient number of trust-building periods, even though

myopic defection is not.
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3.2. Asymmetric Action Simple Strategies

Next, we allow asymmetric action profiles in the acceptable paths. Again, if C'
is to be played on the play path, at least one period of (D, D) is required, and thus
the equilibrium strategies have some trust-building periods. Let us focus on the
one alternating (C, D) and (D, C) after the trust-building periods, which gives
the most efficient and symmetric outcome when 2¢ < g + £. (Other sequences
can be analyzed similarly, and one can achieve the same payoffs by a symmetric
strategy combinations, if the model is extended to allow role-dependent actions
or correlated actions.)

Consider a two-strategy distribution consisting of the following simple strate-

gies.

DEFINITION. For any T = 1,2,..., ap-strategy is a simple strategy with the set
of acceptable paths

T times
N\

Ve

Q.r = {(D,D),---(D,D),(C,D),(D,C),...),

T times

N

Ve

(D, D),---(D,D),(C,C),(C,C),..)}.

DEFINITION. For any T' = 1,2, ..., bp-strategy is a simple strategy with the set
of acceptable paths

T times
o\

Ve

Qvr = {((D’D)v"'(DvD)a(D7C)7<O’D)7"')7

T times
7\

Ve

(D,D),---(D,D),(D,D),(C,C),(C,C)...),}.

If ar met ap, the play path is the same as ¢y meeting cp. If ar met by, the

play path after T' periods of trust-building alternates action profiles (C, D) and
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(D, C). If by met by, the play path is the same as ¢y meeting ¢y 1. Hence

VI(GT,Z?T) _ (1+52++52(T—1))d+52T<1_|_54+>€+52(T+1)(1+54+)g

B 1 — 52Td 52Ty + 62(T+1)g
= -+ ,
1—62 1—64

VI(bT,CLT) _ (1+52—|----+52(T_1))d+52T(1+54—|—---)g—|—52(T+1)(1+54+---)€
1 — §2T 62Tg—|—52(T+1)f

= Toedt T

Let p2,(a) be a two-strategy distribution with the support {ar, by} such that
« of the population uses ar and (1—«) uses by. Since any kind of match continues

ad infinitum, L(ar, ar) = L(ar, br) = L(br, br) = 5.

52T ¢ 4 §2(T+1)

wariply(@) = af(l=8T)d+0Te) 4+ (1= a){(1 = 6T)d +

52Tg_|_52(T+1)€

' o T
obriphr(e) = a{(L=)d+
(1= a){(1 = 62TV + §AT e} ®)

By computation

1+ 62

[v(ar; phr(a)) — U(bT;pZT(a>>]52—T
= a(l+6){d—t—(g—c)+(c—d)} —{(d—1€) —5*(g—c) +6*(c—d)}.

Note that
lim{d — ¢ — (g —c) +0*(c—d)} = 2c— (g +{).

51
Therefore, 2¢ < g + ¢ if and only if v(az; p’r(a)) crosses v(by; plr(a)) from the

above as « increases, i.e., there exists @(d) such that
e’ E a(0) <= v(br; plr(a)) % v(ar; plp(a)),

so that when a > a(6) (resp. a < a(9), br-strategy does better than ap-strategy
and thus « decreases (resp. increases). By computation,

a(5) = (d—10)—6%(g—c)+ 6 c—d)
(1+6){d—10—(g—c)+6(c—d)}

20



Since lims_,; @(6) = 3, for sufficiently large 8, a(d) € (0,1) is warranted.
By a similar logic to the one for the symmetric strategy profile, we can prove
the best response condition that the alternating action distribution is NE (and

NSD) for sufficiently long trust-building.

PROPOSITION 3. Assume g + £ > 2c. For sufficiently large 0, there exists T(é)
such that for any T > T, the two-strategy distribution pl,(a(8)) is a NSD.

PROOF: Similar to Propositions 1 and 2 and is omitted.

4. MULTI-NORM SIMPLE STRATEGY DISTRIBUTIONS

The literature on voluntarily repeated games has concentrated on single-norm,
monomorphic equilibria so that no voluntary break-up occurs, except for sorting
out inherent defectors under incomplete information case. (See concluding re-
marks 5.4.) We now investigate equilibria under which voluntary break-ups occur
on the play path. There is no reason to believe that such equilibria do not exist
or are less efficient than single-norm equilibria. Recall that our model is of com-
plete information and with homogeneous players. Hence equilibrium break-up
is interpreted as society having multiple norm, i.e., the acceptable paths of the
players are not in coordination.

Below we deal with only symmetric-action simple-strategy distributions, i.e.,
cr-strategies with different trust-building periods 7', but a similar analysis can

be done for asymmetric-action simple-strategy profiles.
4.1. Bimorphic Distribution

We investigate conditions that the two-strategy distribution (called bimorphic
distribution) of pZ.*!(a) = apr+(1—a)pryq is a NSD for some ah ™ € (0,1). For
a bimorphic distribution p-*t*(a&*!) to be a NSD, the following two conditions

must hold.
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Payoff Equalization and Within Distribution Stability:

aZap™ = vlersspr (@) 2 vlerspr (@) (9)

If the above is satisfied, at ah ™, cr-strategy and cgi-strategy earn the same

T+1

average payoff, and when a > aL™ (resp. a < ah™), cryi-strategy fares bet-

ter than cp-strategy so that o decreases (resp. cp-strategy fares better so that

T (alth) cannot be invaded

a increases). Hence the bimorphic distribution p
by strategies that have the same play path as ¢y or ¢ry 1 under the bimorphic
distribution.

Best Response Condition: Let om ' = v(cp; pnt (o) = v(eriq; ph (el ™).

For any t > T + 2,
g+ (L — D)okt < L(ep, et (er, er, t) + {L — L(cp, cp, t) o (10)
This condition implies that no one-step deviation during the cooperation pe-
riods of cpyq-strategy can earn average payoff higher than ¢y or cpyq strategy.

Since cr and cryi-strategy have the same average payoff under pTH( T“) the

RHS of (10) is the continuation average payoff of either strategy.

LEMMA 8. For any s € S such that s imitates cp or cryq during their trust-
building periods and chooses D at some point in their cooperation periods,

v(s; prH (k™)) < 05T if and only if (10) holds.

PROOF: Similar to Lemma 3 (c) and is thus omitted.

By computation, we can rewrite Best Response Condition as

1 1 1
__1AT+1 AT+1
R S R T TE S R gy
2
< g—c< (c —ohth)

1— 62
i AT+1 ( 7pg+l< T+l)) S ’UBR.
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Recall that by definition of 7(d, G) (abbreviated as T below),

U<C£§p£+1(1)):: U(Cz+1§p£+1(1)%

i.e., the best response condition is satisfied with equality at & = 1 when the
trust-building periods is exacatly 7(d, G). Hence there is no bimorphic NSD with
the support {c;,c.41}. Figure 3 shows that, given (0, G), as T' slightly decreases
below (6, G), both v(cr; prtt(a)) and v(cri1;ph(a)) increases (uniformly for
all @ € [0, 1]) but they intersect at v < 1 and the value at the intersection is below
vBE. The latter holds when the slope of v(cy; p-*(1)) is smaller than the slope
of v(eri1; pr (1)), that is, when T' < 7(d, ), using the same logic as Lemma 7.
Hence there is a lower bound to d to warrant 7(J, G) > 7(d, G). (See Figure 5 in

Section 4.3.)

57

’UBR 56

54 +

v(erin; PRt (a)) caf

' t

v(er; P (@) | ool

v(er; pii(a)) | 51}
N e e (@) | .

0.6 0.7 0.8 0.90454'1

FIGURE 3. — The existence of a bimorphic NSD as T is slightly below 7(4, G).
(Parameter values: g = 100,c¢ = 61,d = 21,/ = 20,6 = 0.921556,7 = 1.05,7(6,G) =
1.1)

For any (4, G, T), let
¢ = (1-0°)(g—d) = {1 ="V} —d) ~ [(1-6°)(d—0)

+{1 = ST (e — d)]{1 — 2TV} > 0,

U= (1= 8= 0+ {1 = T — {1~ BT e - d) — (1= 619 - )]
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PROPOSITION 4. For any (0, G) such that 7(6,G) > 7(6,G),

(c—d)d+ ¥

dv ]
o }

— = 26" (log 0

dT' 17=7(5,G) (log 9)]
Hence, if (c —d)® + ¥ < 0, then (since logd < 0) for T' sufficiently close to
7(6,G) but less than that, there exists aXt™ € (0,1) such that pL™ (ak™) is a

bimorphic NSD.

PROOF: See Appendix.

4.2. Staggered Distribution: Finite Support

We can extend the sufficient condition of the bimorphic NSDs for a general
multi-norm NSDs with the support {cz, cry1, ..., crik}. Let p?LK(a, By Br_1) =
apr + (1 — ) Bipria + (1 — @)(1 = B) Baprea + - - + (1 — ) 40" (1= B)prex
be the strategy distribution.

The Payoft Equalizing condition is derived backwards: Given the fractions of

(o, Bry. .., Br—2), find Bj_,; € (0,1) such that

Br-1 ; Bic_1 <= v(eryr;pr ™ (Br-1)) E v(erix;pr " (Br-1))- (11)

Since ¢y k1 and cpy g behave the same way against any cryp-strategy such
that £ < K — 2, their payoff difference comes from only the matches with cr g 1
and cry . Let V= ZkK;oz L(CT+1<;, CT+K—1)UI(CT+K—1> CT+k) = ZkK;()Q L(CT-i-k; CT+K)'UI(CT+K7 CT+k)a
and v := (1 — a) X7 (1 — 3,). Then

1 _
. T+K
v(ernoiipr ™ (Bx-1) = v
L(crerx—1, 00 (Br-1))

+’75K—1UI(CT+K—1, CT+K—1) + ’7(1 - ﬁK—l)UI(CT—i-K—la CT+K)} ;

1 —
v(eri;pr ™ (Br1)) = L(crer, P2 (Bk—1)) [V
y T -

+’75K—1UI(CT+K, crir—1) +y(1 — ﬁK—l)UI(CT—i-K, CT—i—K)} :

Therefore the payoft equalizing and stable 3} _; is one of the two solutions to

U(CT+K—1;P§+K(5K—1)) = U(CT+K;P§+K(5K—1))
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which is a quadratic equation of Gx_;. Hence a similar analysis to the existence of

o™ in 4.1 can be applied to the existence of 35 . Note that 3% , is a function

of (Oéaﬁb s 75[(72)-

Given 53 (o, f1, ..., Bk _2), and (a, By, ..., Bk_3), let B3 _, € (0,1) be such
that

Br 2 z Bic_o = v(ersx—1:pp " (Br—2)) ; v(erik—2pp " (Br-2)).  (12)
And the process goes on until we reach a-t* € (0,1) such that

o Z apt™ = v(eripr ™ (@) Z vierpr ™ (a)). (13)

Since there are exploiters for cpi-strategy under ph ™ v(cri1;ph(a)) <

v(ery; pht(a)). Therefore it is more difficult for the intersection ok ™ to exist

T+1

than the bimorphic case. However, if o, T+K

and a7 exist for some K > 1, then
all inbetween Payoff Equalizing solutions oZ,™ (k = 1,2,..., K — 1) exist. See
Figure 4.

Once the Payoff Equalizing and Stable (ah™, B (amt™), ..., Bi_, (a2T5)

exists we can write the Best Response Condition similar to the bimorphic case.

Best Response Condition: Let 0™ 1= v(cr; ph ™ (ah5)) = v(erp; po (a2 15))

forall k=1,2,...,K. Forany t > T + K + 1,
g+ (L—1)07."" < L(cr, e, t)v' (er, er, t) + {L — L(cr, or, t) }og. . (14)

Using the same logic as in 4.1, we can identify at least a local condition near

7(0, G) for the existence of K-morphic NSD.
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vBR %

v(ery1; pT (@)

v(er)

v(ersa;pr (@)

T pp (@)

‘ —
t .91 0.92 fo.?%% 0.94
bimetphic 3 support  infinite-support

FIGURE 4. — Existence of Multi-Norm NSDs.

4.3. Staggered Distribution: Infinite Support

Finally we consider simple strategy distributions with the support {cz, ¢ry1, . .
(for some T'), i.e., infinitely many variety of trust-building periods. We first prove
that if a strategy distribution with the support {cr, ¢ry1, ...} is to become a NSD,

then the population distribution of ¢;-strategies must be “geometric”.

LEMMA 9. Take any G and T < oo. Let p be a stationary strategy distribution
with the support {cr,criq,...}. If v(er;p) = v(erar;p) for all T =1,2,. .., then

the fraction of cry.-strategy is a(1 — «)7 for each T =10,1,2,....

PROOF: See Appendix.

Denote the geometric distribution of {cr, cri1, ...} as pP(«a). If pF(a) is the
stationary strategy distribution in the matching pool and if ¢y and ¢4 have the
same average payoff, then all other strategies in the support have also the same
payoff. The logic is easily understood by the following Table I1(a)-(c) showing the
matching probability and the sequence of payoffs for c¢r, cry1, and cpyo within a

match against ¢y, c¢ri1, and so on.
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(a): Payoff sequence of cr-strategy under p3°(a) within a match

TABLE II

prob. | partner \ time | 1 | 2 T |\ T+1|T+2|T+3|T+14
o cr dl|d d c c c
(1—a)| erprandup |d|d d l

(b): Payoff sequence of ¢y -strategy under p7°(a) within a match

prob. | partner \ time | 1 | 2 T|T+1|T+2|T+3|T+4
« cr d|d d g
(1—a)a Cra1 d|d d| d c c
(1—a)? | crypandup |d|d d| d £

(c) : Payoff sequence of ¢ 49-strategy under p3(«) within a match

prob. partner \ time | 1 | 2 T|T+1|T+2|T+3|T+4
« cr d|d d g
(1—-a)a Cri1 d|d d d g
(1-a)a CTyo d|d d d d c
(1—a)® | cryz3andup |d | d d d d £

Notice that the bold-faced sub-table of Table II(b) is identical to the Table

II(a).

same way as cp-strategy against itself and against longer trust-building strategies.
The conditional probabilities of meeting itself and longer trust-building strategies
are also the same. Similarly, from the second period on, cr,o-strategy behaves
the same way as cri-strategy against itself and against longer trust-building

strategies. Therefore, if ¢y and cryi-strategy have the same average payoff, all

others have the same average payoff as well.

LEMMA 10. For any G and T < oo,

v(er; pr (@) = v(erya; pr (@) = v(eryr; pT (@) = v(er; pr (a)) VT

PROOF: (Can be omitted.) See Appendix.

This is because from the second period on, cr.i-strategy behaves the

1,2, ...




Consider the following class of G:

~

G={G|3IT €{1,2,...} such that 1 > §,(T") > 0¢(T)}

To see if such (@ exists, note that for any G, 0¢(T) is increasing and &,(T)
is decreasing in T. For T = 0, 6¢(0) = /1 — g%‘é < 00 = §,(0), and d,(00) =
= <1l= dc(00). Therefore the graphs of d¢(T) and 8,(T), when the time
scale is extended to real numbers, have an intersection. Then some adjustment

of the payoffs will give rise to G € G. (See Figure 5.)

LEMMA 11. Take any G € G. For any T € {1,2,...} such that o¢(T) < 64(T),
there exists 05(T) € (0a(T),04(T)) such that for any & € [65(T),84(T)), there
exists a*(0) that satisfies:

(a) v(er; p7(a”)) = v(erya; pr (), and

(b) AvF (e, 6) is negatively sloping at o*, where Avy(a, ) := v(cp; pP(a)) —

v(ersn; pF(a)).
PROOF: See Appendix.

Property (a), together with Lemma 10, implies that all strategies in the sup-
port of p¥(a*) have the same payoff. Property (b) implies that, near a*, cp-
strategy does better than ¢y, q-strategy if and only if o < o*. Hence ¢ or cpyq
cannot invade (increase the fraction in) pP(a*). Moreover, if c¢ry, (7 > 2) in-
creases the fraction in p(a*), it is as if ¢y increases (i.e., o decreases). Then
cr gets higher payoff, and ¢y, (7 > 2) cannot invade in the sense of increasing
the fraction.

It remains to identify the sufficient conditions of § and 7" such that no other
strategy earns higher payoff, i.e., an incentive constraint. By a similar logic to
the monomorphic NSD, it suffices to consider strategies that differ on the play
path after cooperation periods have started. For each 7 = 0,1,2,..., let s, be
the strategy that imitates ¢y -strategy for the first 7'+ 7 + 1 periods (that is,
to build trust for T'+ 7 periods and then play C' once, so that it is clear that

28



the partner is ¢y -strategy if the partnership continues) and then plays D in
T + 74 2. A sufficient condition for such strategy to be unable to invade p(a*)
is

v(erir;pr (@) > v(srpr(a”)). (15)
Note that, among on-path deviations during the cooperation periods, s, strategy

earns the highest payoff, due to the discounting.

LEMMA 12. For any (G,T), there exists 05 (T) < 0.(T) such that for any ¢ €
(05 (1), 66(T)),
v(eriripr (@7(0))) > v(sr;p7 (7(9)))

forany T=0,1,2,....

PROOF. See Appendix.

PROPOSITION 5. Tuke any G € G. For any T such that o¢(T) < 8,(T) and
for any 6 € (max{05(T),05(T)},04(T)), there is a neutrally stable polymorphic
strategy distribution of the form pf(a*(9)) for some a*(9) € (0,1).

PROOF: (Can be omitted.) From lemma 11 and lemma 12, it suffices to prove
that other strategies that differ on the play path from {cr,cri1, ...} during the
trust-building periods or that end a partnership with the same strategy do not
earn higher payoff, which is shown in Appendix. Q.E.D.

Therefore, cooperation and exploitation can co-exist. Figure 5 below summa-
rizes the relationship between the survival rate 6 and the sufficient trust-building

periods of symmetric single-norm NSDs and multi-norm NSDs.

29



Area wher
0 monomorp%ic NSS exist
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FIGURE 5. — Parametric summary of NSDs.

4.4. Efficiency

Finally, let us compare the efficiency between single-norm NSDs and multi-
norm NSDs.

As we have seen, the shortest trust-building period among monomorphic NSS
is longer than the shortest trust-building period of multi-norm NSDs. (See Figure
5 above.)

Recall that the average payoff of each strategy in the support of a polymorphic
NSD is (for any K finite or infinity)

L(er, er)
L(cr; pp™* (a77(9)))

. Lcr, crqa
+(1—af <5>>L<CT;p§+K<a£+)K<5>>>

= v(eruipr ™ (’(0)))  Vk=12,...,00

vierspr™ (o t(9)) = azt(0) v'(er, or)

UI(CT7 CT+1)

For § sufficiently close to but less than §,(T), ain ™ (§) ~ 1 and thus
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v(er; pr T (@l (8))) = v(er; pr) > v(eri1; pri1) where the latter is the shortest

monomorphic NSS’s average payoff.

Therefore, it is possible that a multi-norm NSD is more efficient than any
single-norm monomorphic NSS. This is due to the randomly matched partner’s
exploitation as a disciplining device. If you are lucky to start the cooperation
periods with the current partner, it is not beneficial to betray and go back to
the random matching pool, in which there are diverse players with longer trust-
building periods.

It is quite interesting that diversity can mean early cooperation as well as

higher average payoff than single-norm NSDs.

5. CONCLUDING REMARKS

5.1. Efficiency Wage and Three Types of Sanctions

Our model describes a society where players meet with a stranger to play a
voluntarily repeated prisoner’s dilemma. We analyzed how continuous coopera-
tion becomes an equilibrium behavior when deviation from cooperation induces
appropriate social sanctions.

Sanctions consist of two parts; First, a player’s non-cooperation invokes part-
ner’s severence decision, forcing him to start new partnership with a stranger.
Second, payoff level he expects with this stranger is less than what he expects in
continued partnership with the current partner. We call this payoff difference as
trust capital with the ongoing partner.

In the main text, we have identified two different ways by which trust is

generated;

(a) With new partner, player must spend a certain lengths of trust-building
(TB) periods, playing one-shot NE. This is the case when cp-strategy con-

stitutes a monomorphic NSD with 7" > 1.
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(b) With a positive probability, new partner will play a different length of TB
periods. Partnership with such stranger is a mismatch, forcing the part-
nership to break up prematurely. This is the case when, e.g., co- and c¢;-

strategies coexist in a staggered polymorphic NSD.

There is an additional mechanism which creates trust if we allow matching

probability to be less than one.

(c) Even if trust is established with new partner immediately, with a positive
probability player fails to find a partner in the matching pool (i.e., player

is unemployed).

This is the logic which provides a work incentive in the effciency wage theory as
the possibility of unemployment works as a disciplinary device (see, e.g., Shapiro
and Stiglitz, 1984). For completeness of the paper we briefly discuss how our
model can be extended to derive cy-strategy as a monomorphic NSD when there
is a positive unemployment probability.

Suppose, in the matching pool, only with probability 1 — u € (0,1) one can
find a new partner and with probability v € (0,1) she spends the next period
without a partner and receives payoff of 0 (which may be larger or smaller than
d). With this possibility of “unemployment”, average payoff that ¢y strategy

player expects to receive in the matching pool (but before he finds a partner) is:
UO(CT;PT) = (1 —wv(ers pr),

where v(cp; pr) is now interepreted as “the average payoff that cr expects to
receive when the new partnership is formed” (i.e., at the beginning of period 1 of
the partnership).

By the same logic as in Section 3, the incentive constraint for cp-strategy to
be followed during the cooperation periods is

g —v'(cr,er,t) < {L(cr,cr,t) — 1} (ep, e, t) — % (ep; pr)}
2

= g—c= 1_52{C_U0(CT;pT)}‘
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Clearly, if (5) is satisfied, the above constraint is also satisfied. Moreover, the
BR constraint can be satisfied even for ¢ for sufficiently large u, and cooperation
without trust building period becomes a self-sustaining state.

As noted in Shapiro and Stiglitz (1984) and Okuno-Fujiwara(1989), unem-
ployment works as a disciplinary device that deters moral hazard behavior.

This observation suggests that the property of matching machanism is an
important element in creating trust. In our current setup, there are four reasons
to be in the matching pool: new birth, death of the partner, separation due to
the partner’s deviation, and separation due to own deviation. In this paper we
analyzed the case where no distinction can be made among these due to the lack
of information. We plan to extend our research to investigate mechanisms with
which players can distinguish (at least some) reasons why newly matched partner

came into the matching pool.

5.2. Cheap Talk

Recall that, under favorable environments, c;-strategy can invade the popu-
lation of d-strategy as an equilibrium entrant. ci-strategy proposes to keep the
partnership even after (D, D), and this proposal acts as a “signal” or “cheap talk”
that it is not d-strategy and intends to cooperate. This reminds us of papers like
Robson (1990) and Matsui (1991) who showed that cheap talk can be used as a
signal to play the Pareto efficient Nash equilibrium in coordination games. Be-
cause there are multiple NSD with different payoff outcomes in our model, cheap
talk may work as a coordination device to achieve efficient equilibrium in evo-
lutionary setting. We shall provide a rough sketch of what would happen if we
allow cheap talk with neoloigism at the beginning of each matching.

Assume that when two players are newly matched, they simultaneously choose
and send a message m € M from a countable set M to her partner. M is common
to all players. The messages do not alter the payoff and thus are cheap-talk. The
message choice is private information, shared between the partners but not known

by any other palyers.
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DEFINITION. A pure strategy s“7 of VRPD with cheap talk consists of (m, o)
such that:

1. m € M specifies the message player sends to the partner,

2. 0 : M — S specifies the VRPD strategy o(m’) she chooses to play for each

message m' € M she receives from the partner.

In the following, however, in order to ease the notation we shall denote pure
strategy by o, omitting the message m she sends to her partner. We chose such
convention because we focus on the following two types of strategies; babbling
strategy where message choice has no meaninful contents and neologism strategy

where the message is “neologism”.

In what follows, S°7 is the set of all pure strategies of VRPD with cheap talk,
which is the extension of S defined for the original VRPE without cheap talk.

1. “Babbling” strategy: s € S is extended as a degenerate strategy o € ST
which uses a constant-vaued function o”(m) = s for all m € M. This strategy
makes initial message exchange meaningless because s € S is played regardless
of the message received from the partner.

2. “Neologism” strategy: Different VRPD strategies s,s’ € S are played
depending upon the message receieved from the partner. E.g., suppose the current
population consists of a babbling strategy o € ST where o”(m) = s € S for

any m € M. Against this monomorphic strategy distribution, consider an entrant

population who uses a strategy oV € ST such that

(a) it announces a neologism message, i.e., a message which is not used by the

current population, and
(b) o™(m) = s when m is not the neologism, while

(c) oN(m') = s’ # s when m' is the neologism.
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With this neologism strategy, oV, entrants play exactly the same way as
incumbents (i.e., play s) when they are matched with incumbents, while they
play differently (i.e., play according to s') against fellow entrants. They can
identify incumbents who announce non-neologism messages from fellow entrants
who announce neologism message at the initial message exchange.

For each pure strategy s € S, we write corresponding babbling strategy of
the cheap talk model (actually, “set of strategies” because message choice is
arbitrary) as o(s) € P(8°"). Similarly, we can extend a strategy distribution
p € P(S) of the ordinary VRPD to an associated babbling strategy distribution
of the cheap talk game. For the ease notations, we shall write this distribution
as oP(p) € P(S°T), with the superscript B.

Given an incumbent babbling strategy distribution, o?(p’) € P(S), consider
a neologism strategy which plays s € S if and only if both partners use the
neologism message. Again in order to ease notation, we shall denote such strategy
(i.e., strategy which tries to enter p’ using the neologism-contingent play of s) as
o™ (s; 7).

As is well-known, babbling extension of a Nash equilibrium of the original
model is always a Nash equilibrium of the cheap-talk model because message

exchange does not alter players’ incentives if all players use babbling strategy.

LEMMA 13. For any Nash Equilibrium p € P(S) of VRPD, the associated babbling
strategy distribution o®(p) € P(8°T) is a Nash BEquilibrium of the cheap talk

model.
PROOF: Obvious.

On the other hand, some NSDs of non-cheap talk model are invaded by a ne-
ologism strategy as an equilibrium entrant in the cheap talk model. However, in
the cheap-talk model, it is possible to signal to start the cooperation periods ear-
lier and earlier to eventually violate the Best Response condition. Hence we need
to require that entrants must be a best response to the post-entry distribution,

to avoid the non-existence.
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DEFINITION. A (stationary) strategy distribution p € P(.S) in the matching pool
is a Neutrally Stable Distribution under Equilibrium Entrants (NSDEE) if, for any
s" € S, there exists € € (0, 1) such that, for any € € (0,€), s’ is a best response to

(1 —€)p + epy and s’ cannot invade p.

In Section 4, we showed that, given G, either the single-norm NSD with
the minimum trust-building periods or one of the multi-norm NSD is the most
effcient (i.e., whose expected payoff provides the largest value) NSD of VRPD.
Let p* € P(S) of VRPD be this most efficient (whose expected payoff is the
highest) NSD of VRPD. Let oZ(p*) € P(S°T) be the associated babbling strategy
distribution.

Clearly, no NSD provides higher average payoff than the most efficient NSD,
and with cheap talk no strategy can invade the most efficient NSD as an equlib-

rium entrant. Thus, we have the following result.

PROPOSITION 6. o2(p*) € P(ST) is a NSDEE with cheap talk.

PROOF: Obvious.

5.3. Drift and Limat of Solution Concept

In this paper, we have used Nash Equilibrium (NE), Neutrally Stable Distri-
bution (NSD), and Neutrally Stable Distribution against Equilibrium Entrants
(NSDEE) as our solution concept. Because component game of our (random
matching) model is VRPD which is an extensive form game, however, any strat-
egy distribution leaves many unreaced nodes. Hence, the concept of NSD is not
sufficiently restrictive to identify reasonably restricted set of strategy distribu-
tions.

Limitation of the cocept, NSD, is especially evident in view of the possibility of
drift. As an example, consider the following thought experiment with or without

cheap talk. Suppose G and § are chosen so that p; is the most efficient NSD. Being
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a NSDEE, once entier society starts to use cr (or o?(cr)ifcheaptalkisallowed),
no strategy can invade as an equilibrium entrant.

However, there are numerous strategies which produce exactly the same out-
come (and hence the same average payoff) but differ in the behavior at unreached

nodes. For example, consider the following strategy ¢; € S:

t =1 : play D and choose k regardless of the outcome,

t > 2 : play C' and choose k regardless of the outcome.

This strategy produces exactly the same outcome as p; as long as the society
consists only of ¢; and ¢;. Thus, strarting from p;, strategy distribution may drift
to any distribution 8p; + (1 — 8)p; with § € [0, 1], where p; is the monomorphic
distribution consisting only of ¢;.

However, ¢; being an extremely permissive strategy, strategies such as ¢, can
take advantage and materialize payoff stream of (d,g,g,...) during the match
with ¢;. Note that c,, can receive average payoff of only d in the strategy dis-
tribution p; and its payoff is strictly lower than ¢;. However if drifts make (3
sufficiently large, c., starts to drive out ¢;. Eventually, strategy distribution may
become p.,, the monomorphic distribution consisting only of c.

Such a story suggests that we might consider set-theoretic solution concepts,
such as Equilibrium Evolutionary Stable Set of Swinkles (1992) or Socially Stable
Strategies of Matsui (1992). In fact, drifts may lead from p; to p;, from p; to
Poo, from po, to pg, and from p; back to p;. However, there are many other
closed paths which are connected by drifts (through equilibrium entrants). The
cardinality of set of stragies being so large, we shall not try to identify these sets

in this paper.
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5.4. Related Literature and Future Research Agenda

Several papers have previously analyzed the voluntarily repeated prisoner’s
dilemma, though not as fully as this paper does. These literature has pointed out
two factors that facilitate cooperation under the VRPD type games.

First, they identify our monomorphic trust-buidling NSD, i.e., “gradual co-
operation” or “starting small” is the mechanism for sanction against defection
because it makes the initial value of a new partnership small. Papers differ in the
treatment of information.

Datta (1996) and Kranton (1996a) consider a complete information, two-
player, voluntarily repeated game similar to ours. The stage game is a continuum-
action prisoner’s dilemma, representing borrower-lender or gift exchange situa-
tions. Therefore the players in their model can gradually increase the “level
of cooperation”, which makes the same disciplining system as our cp-strategy.
Based upon non-evolutionary model-setting, Kranton (1996a) emphasizes that if
partners “renegotiate”, they would want to start cooperation immediately, which
leads to non-existence of equilibrium. She then shifts to incomplete information
by introducing “defective” type whose discount factor is zero so that initial low
level of cooperation is rational to sort out these types.

Ghosh and Ray (1996) also consider a similar incomplete information model
to Kranton’s. In a related work, Watson (2002) shows that partners would choose
to gradually increase the stakes of the relationship.

Carmichael and MacLeod (1997) formulate a complete information (i.e., all
players have identical discount factor) evolutionary model with initial gift ex-
change stage added to the voluntarily repeated prisoner’s dilemma. Mutual gift
exchange, which incurs a positive cost to givers but provides no value to receivers,
works the same way as the “level of cooperation” adjustment.

Our paper has more primitive structure than the papers cited above; game is
complete information, stage game is an ordinary PD game with two actions, and

there is no gift exchange stage prior to the normal partnership. In exchange, we
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develop various new concepts and a much richer set of analytical tools that enable
us to investigate VRPD more fully. Further more, we focus around evolution
of behaviors within a society as a whole, rather than restricting attention to
behaviors within a single partneship given (uniform) strategy distribution in a
society. As its byproducts, we are able to provide fuller characterizations of
monomorphic trust-building strategy NSD, such as indentifying the condition (in
terms of death rate and payoff values of stage game) for the existence of NSD
with a particular length of trust-building periods, etc.

Second, “heterogeneity” may help cooperation. With incomplete informa-
tion model Rob and Yang (2005), independently written from ours, shows that
repeated cooperation from the outset of a partnership can be an equilibrium
among heterogeneous players. In their model, there are three types of players;
bad type who always plays D, good type who always plays C', and rationanl type
who tries to maximize their payoff.

The logic is as follows. Existence of bad type players makes it valuable to (1)
keep and cooperate with either good or rational type partners, and (2) to find out
bad type partners as soon as possible. Thus, a rational player should cooperate
from the beginning to be distinguished from the bad-type.

Our result is much starker than Rob and Yang. Our model does not rely
on heterogeous “type” and incomplete information. Instead, bad (longer trust-
buidling) strategy emerges endogenously as a polymorphic NSD. We also elucidate
that there may be an equliibrium strategy distribution (NSD) with more than

two (possible infinite) heterogenous strategies.
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APPENDIX: PROOFS

PROOF OF LEMMA 3:

(a) Let s’ be a strategy that chooses e in some t after on-path history. If t < T + 1,
the average payoff of s’ under pr is d and is strictly less than v(cy;pr) = (1 —
6*T)d + 6*Te. If t > T + 1, the average value is

1— 0%
Lher) = 75
VI, ep) = (1—|-62-|-..._|_52(T_1))d+(52T+“_+62(t—1))07
1-6271—6% §27(1—52D))
/. _ Io _
veipr) = U<S’CT)_1—52t[1—52 e

By computation,

{v(er;pr) —v(s';pr)}(1 — 6%)
= (1 _ 52t)(1 _ 52T)d _ (1 _ 52T)d+ (1 _ 52t)52TC o (52T(1 . (52(75_T))C
(1—06%")6%(c — d) > 0.

(b) If one chooses C' in t < T + 1 along on-path history, then the average payoff is
less than d since the partnership ends there and hence is less than v(cr;pr) =
(1—0%T)d + 6%Tc.

(c) Although the text contains a proof with one-step deviation argument, we pro-
vide an alternative proof using the average payoff itself to confirm that one-step
deviation method is necessary and sufficient. Let s be any strategy that chooses
D at some t > T + 1 along on-path history.

1— 5215
L(S7CT) = W7
Vis,er) = (1+6%+ -4+ 82T"Nd 4+ (62 4 ... 4 522 4 5207y,
1— 52 1— 52T 52T 1— 52(t—T—1) B
vsipr) = 7w | Tz 0t ( — )c+62“ 1)9]-

By computation,

{v(erspr) — v(s; pr)}(1 - 0%)
= (1-6"(1-6*)d+ (1 —06*)6*c
(1 82Tyd — (82T - 52(#1))6 (- 52)52(#1)97
— 81— §T)d + 52(#1)(1 _ g2 (1 52)52(1‘,71)97
_ g2t-1) [_52(1 —6)d 4 (1— 62 4 8% — 62T+ — (1 — §2)g],

— 5D [52(1 MY (e —d) — (1 82)(g — c)].

Therefore
2T

1—42

v(er;pr) —v(s;pr) >0 <= §2 (c—d)>g—-c.

40



Q.E.D.

PROOF OF LEMMA 4: Let ¢ := (1 — €)p + epy. From (1), for any s € supp(p),

W) = (=P D)+ F (6, ),
v(s;q) = (1— e)égzzziv(s;p) + 62((?;2)) v(s, ).
If ' invades p, then for any s € supp(p),
(1— e)ﬁgiziv(sl;p) + ei((i,’;‘:)) ol(s',8) > (1 - E)igziziv(s;p) + Gi((i’j)) v (s, ),
and for some s € supp(p),
(1—¢) igj:]gv(s’,p) + eli/((ill’;j)) vl(s',s') > (1 — e)ﬁgz:]gv(s,p) + ei((i’;‘:)) vl (s, ),

for sufficiently small € > 0. By letting ¢ — 0, we obtain

v(s';p) > v(s;p),
for any s € supp(p). Since p is a Nash equilibrium, we have that s’ € BR(p). Q.E.D.

PROOF OF LEMMA 5:

v(ersprt (o))

aVi(er,er) + (1 —a)VEi(er,erit)
aL(cp,er)+ (1 —a)L(er, ers1)
aL(er,er)v!(er,er) (1 — a)L(er, ery1)v (er, ery1)
aL(er,er) + (1 —a)L(er,ery1)  aL(er,cr) + (1 — a)L(cr, erit)
aL(ep,cr)
~ aL(er,er) + (1 - a)L{er, CT+1)UI(CT’ r)
aL(ep,cr)
aL(cr,cr) + (1 —a)L(er, cra
aL(er,er)
L(CT, CT+1) + a{L(cT, CT) - L(CT, CT+1

1

)}UI(CT; cr41)

= vl(er,er) + )}{UI(CT, er) —vl(er,eri1)}

Let
aL(er,cr)
(er,ers1) + o L(er, er) — L(er, er1)}

This is the only part that « is involved in v(ep; p?“(a)). We can simplfy as

M(CT,ng(a)) = T

v(erspp (@) = o' (er, eria) + pler, 7 (@) {0 (e, er) — o' (er,eria)}. (16)

By differentiation,

8N(CT7P£+1(Q)) _ L(CT, CT)L(CT, CT—i—l) >0
Oa [L(cer, crs1) + o{L(cr, er) — L(er, eryq) }H? ’
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. _§2(T+1) o .
and, since L(cp,cr) — L(er,erq1) = 162 -1 f_(SQ > 0, the derivative is decreasing

1_
in «. Note also that

UI(CT) CT) - /UI(CT7 CT+1)
_ or or (1=8*T)d+6*T(1-6%)¢
= 1-6")d+6"c— Ty
(1= 6*1){1 = 62T+ — 1}d + 6*7{(1 — *THD)e — (1 = 6*)0}
1 — §2(T+1)
(1= 0*)(c =0 +*(1 = &) (c — d)}

- 1 _ 52(T+1) > 0.

Hence v(cr, pr ! (a)) is strictly increasing and concave in a. Q.E.D
PROOF OF LEMMA 6:

v(eriispp (@)
aVl(erir,er) + (1 —a)Vi(eryr, eri)
aL(eryi,er) + (1 —a)L(eria, erin)
)

I
= v (741,141

aL(eryt,cr) I I
+ v (Ccry1,¢r) — v (Cr41,CT .
L(cryt1,ery1) + afL(ery1, er) — Lerya, CT+1)}{ (e, er) (ers1,er)}

Let
OéL(CT_H, CT)

L(crg1, er) + a{L(erqr, er) — Lergr, eren)}

M(CT+1,297T~+1(04)) =
Then

v(eryipp (@) = o' (eryas er) + plersa, pr (@) {o! (eryr, er) — o' (eryr, eria) )
(17)
Note that

v!(ers1,er) = v'(erga, eria)
= {v'(erpa,er) — vl (er er)} + {v (erser) — o' (ersa, era)} > 0,

since cp41 can invade pr (thus the first bracket is postive) and cr starts cooperation
earlier than cpyy (thus the second bracket is positive).
By differentiation,

Opler+1,p7 (@) _ L(cryy, er)Leryt, erya) 50
dax [L(cr+1, eri1) + e L(ery1, er) — L(erst, eryn) }?
However, notice that L(cpy1,cr) — L(epgr,ere1) = 1_fi(§2+1> — 1_152 < 0 so that the
derivative is increasing in «.. Therefore v(cr41;pm'*(a)) is strictly increasing but con-

vex in . Q.E.D

PROOF OF LEMMA 7: Let pr(a) = % and pri(a) = #%. Then
(??) and (??) become

v(ersprt () = pr()o!(er,er) + {1 — pr(a)}o’ (er, cry1),
v(eriipp (@) = prp(a)v’ (eris er) + {1 = pria(@) ol (eryr, erya).
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By differentiation,

ov(er; pgﬂ

(@)

oo

T+1
Ov(ergr; PT+

(@)

pr(e){v (er,er) — o' (er, er4)},

Oa

By computation,

M/T+1(0‘){UI(CT+1, cr) — UI(CT+17 cry1)}-

L(cr, cr)L(cr, eryt)

pr(a)

—

[aL(cr,er) + (1 — a)L(er, CT+1))]2
Ller, oryn)
L(er, er)

=1-82TH) a5 o — 1,

L(crsa, er)L(er, crv1)

/~LIT+1(O‘)

L(cry1, cri1) _

[aL(eryr,er) + (1 = @) L(ersa, eri))]

2

L(ep, cr) 1

L(CT+1, CT)

At 6 = 66(T),

T+
U(CT7 pT

Therefore, at 6 = 0¢(T),

(1)) = v' (e, er) = v(ery;

= = S 1.
L(CT, CT+1) 1— 62(T+1) ’ as o —

7 (1) = v (erqa, er).

DAD L(er, eryr))
8aT(1,5G(T)) = L(TTC;){UI(C%CT) —v'(er, eri1)}
Licr,
_Im{vl(cT+l’ cr) —v! (erg1, eri1)}s
T (1 -6 (g -0 1
_ 2T+1 o7 2
= (1-9 ( )) 1 — 52(T+1) o 1_52(T+1)5 (1-45%)(c—d)
c—d

67 (1 6%){ (g 0) -

3

1 — 52(T+1)

Q.E.D.

PROOF OF PROPOSITION 4: For the ease of computations, we introduce following

notations.

(a) 7(6,G) =To

(b) f(T) =v(er,cr)

(¢) M(T) =v(er,crsa)
(d) g(T") = v(ery, or)
() k(T) =v(ertr, ertn)
(f) J(T) =v(er+s1, cre2)
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(8) F(T,a) =v(erspy (o))
=m(T,)v(cr,er) + [1 —m(T, a)|v(er, eri1)

= v(er; pfF(a))
(h) G(T,a) = v(ers1;pp (@)
=n(T, a)v(crs1,er) + [1 — n(T, a)|v(ersr, ersr)

(i) H(T,a) = v(eri1; p7 (@)
(T, a)v(ergr, er)+y(T, a)v(ersr, erpa) +[1=2(T, &) —y(cri1, ere)v(erir, erie)

(Dm@ﬂﬁimq@ﬁgﬁhwﬂn:wmﬁgmm
(%) n(T,0) = Gprrrar T (e e = sl AT
1) 2(T,a) = aL(cm,cT>+5;<(1T—)a>f(%§cfﬁclff1)>+<1—a2>L(cT+1,cm)
= G Fa(=ap(T)F (=D
(m0) Y(T.0) = Grrrer el Cr s o e e i)

a(1—a)p(T)
aq(T)+a(1—a)p(T)+(1—a?)r(T)

(n) p(T) = L(cr,er) = L(er+1, ert1)

(0) ¢(T) = L(er, er+1) = L(erya,er) = L(er, ery2)
(p) 7(T) = L(cr+1, cr42)

(@) v/€=c— 25 (g—0)

By definition,
F(Ty, 1) = f(To) = G(Tp,1) = g(Tp) = vo.

Moreover, note that v'¢ is independent of T and:

8,UIC
oT

=0. (18)

We now analyze the effect of a small change (decrease) of T, which is denoted as a
change from Ty to T' = Ty + dT'. If we denote payoff equalizing strategy proportion
by agﬂ(T), and the associated equalized payoff by v(T'), the following identity must
hold:

F(T,ap"!(T)) = G(T, a7 ™(T)) = o(T).
Differentiating this identity:

OF OFdap™(T) 0G  0Gdap*t'(T)  dv

el -_r /_ZZ 4 = 19
0T " 9a  dT o7 " 9a  dT a7 (19)
Rearranging,
do‘%}l(T) _ g% — gig (20)
T Eg
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Note, by assumption,

oG

oF 0
aiT}(T,a):(To,l) - 37‘@,@:(%,1) >

because T' < 7(4,G) and as T becomes small, g(T') — f(T') increases. On the other

hand,
oG OF

%’(T,a):(To,l) > %‘(T,a):(To,l)
because T' < 7(d, G). It follows that, in the neighbourhood of (T, o) = (T, 1),

dat™(T)

qT > 0.

In view of (18), if:

X dT' < 0 when dT' < 0,

o — {8F(T, az(T)) . OF(T, a?rl(T))da?“l(T)}
T=To

aT + 9o T

(21)
or if the sign of (19) is positive, then bimorphic distribution pl ™' (a(T)) is
NE for T which is sufficiently close to Tj.

Note that g—i > 0 but g—g < 0 and the sign of (19) is a priori ambiguous.

Differentiation of F(T', «)

Because:
F(T,a) =m(T,c) f(T) + [1 — m(T, )]h(T),
oF om , ,
O = D) WD)+ m(T,0) /(1) + [L— m(TLa)W(T), and  (22)
OF om
o~ 9y~ ny) (23)
Note:
om(T,a) _ ap/(T)[op(T) + (1 — a)g(T)] — ap(T)op!(T) + (1 — a)q/(T)]
oT ap(T) + (1 — a)q(T))?
el (D) g @p(T)]
= T Tap(D) 1 (1 a)a(@)P 0 L (24)
om(T,) _ p(T)op(T) + (1 - a)g(T)] - [p(T) — a(T)Jap(T)
da lap(T) + (1 — a)q(T))?
B PDeT) 1)
= (@ + (- @E  p(T) L (25)
= op(T —lasa—
o) = Tk - e - (26)

Differentiation of G(T', «)

Because:
G(T,a) =n(T,a)g(T) + [1 — n(T, a)|k(T),
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08 = DU o) — kD)) 40T 0)g () + 1~ (T, ) (1)
oG on(T,«)
90 = 2Dy k)
Note
(T, o) ag (T)[eq(T) + (1 — a)p(T)] — [aq'(T) + (1 — a)p/(T)]eq(T)
oT [ag(T) + (1 — a)p(T)]?
01— )¢ (D) —g(TW/(T)
[ag(T) + (1 = a)p(T)]? ’
on(T, o) ¢(T)[ag(T) + (1 — a)p(T)] — aq(T)[q(T) — p(T)]
da [aq(T) + (1 — a)p(T)]?
o)1) o)
0q(T) + (1 - a)p(T)  q(T)
aaq(T) —lasa—
o) = ST a—ap@ ! !
Computation of o/(Tp)
In view of (24), (25), (26), (29), (30) and (31):
g%‘azl = f/(T)a
Sl = D) - ()
gg\al = J¢(T),
el = 2 - k1)
Because ‘?T = 6" (log ), straightforward computations yield:
f(T v(er,er) = (1 - 6*T)d + 6% ¢,
(1) = 26°T(logé)(c—d),
1— 2T)d + 6°T(1 — §2)¢
MT) = v(er,eryr) = ( ) 1:2(T+5) ) )
_ 52T oT (1 _ 2
FT) —h(T) = (1-8T)d+6%c— (1 S
(1 _ 52T)[1 _ §2AT+1) _ 1]d—|— 52T[(1 _ 52(T+1))C _ (1 _ (52)5]
- 1 — 52(T+1)
) e+ 81— (e d)]
1 — 52(T+1) ’
W) = Lerer) =15
1 — §2(T+1)
q(T) = L(CTaCTJrl):W
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Substituting these values into (32) and (33):
OF

87‘01:1 = f(T) =26°T (log &) (c — d), (36)
oF _ AT ey
_n- 52(T+1)]52T[(1 —8%)(c—6) +6*(1 = 8*T)(c — d)]
1 — 52(T+1)
= T =6%)(c— ) +6°(1 = 6*T)(c — d)]
= 1= 6H(d—0) + (1 —82TTD) (e —a)). (37)
Similarly:
2T 2T
9(T) = wv(ersr,er) = Sl 3?;? +§)1 *)g
) [—252Td 4 2627 (1 — 62)g](log 6)[1 — 62T +D] 4 262T+D) (log 6)[(1 — 62T)d 4 62T (1 — 62)g]
g(T) = [1 — §2(T+D)]2
B [125_2;(3?%3)}2 (1= 8%)(1 = 82T )g = (1= 2TD)d 4 62(1 = 6T)d + 2T+ (1 - 6%)g]
2T o
— el = - 1=
2621 (log 6
- (- ) ).
9g(T) = k(T) = wv(cryr,er) —v(err, erer)

_a —0*1)d+ 871 -6%)g (-

ey 52(T+1))d _ 52(T+1)C

52(T+1))(52(T+1)(

(1= 2T)d + 6% (1 — 6%)g — [1 — 82T 4+ 62T (1 — §2)](1 — 52(T+1))d (-
- 1 — §2(T+1)
_ T - 8%)g - 81— %)d + (1 - 8*THY)§ T — (1 — g2 )52 De
- 1 — §2(T+1)
il 2 2 2T+1
= [Tpmlt =) —d - 1-4 (T41) (¢ — d)),
1 — §2AT+Y)
q(T) = L(CT+176T) == W’
1

Substituting these values into (34) and (35):

oG , 2627 (1 — 6%)(log &
37‘@:1 = g1 = [1(_ 52(T3L(1)]2g )<9 —d),
oc,  p(T)
alenr = oy lo(T) — k(D]

52T

1 gampll =) —d -0
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o 52(T+1)>(C - d)]

(38)

(39)



Hence:

oF 0G
ﬁ‘a:l B 87‘04:1

= 252T(log5){c —d— 1=0)g—d) )g — d)}

[1 — §2(T+1)]2 (40)
20c —d) — (1 — 62)(q —
_ 2577 (1og 5) AL c{l})\(Tg]g PNg=d) a
oG, 9K
Oa'e=l g lo=1
52— d) — §2(1 — §2THDY (o —
= U0l C[?_;((;H)fg =) 11— ) (a—0) + (1 - 2T (e — )

52T

= (19000 — d) = PAD e — )~ [(1 = 82)(d — 0) + AD) (e~ AT >0,

(41)
where:
A(T) =1 — §2T+D,
Substituting (40) and (41) into (20):
do‘?rl(T)‘ _ o a=1_ 5 a=1
T=T, — 9G oF
ar ? Bala=1 T 9ala=t (42)

_ 2(log ){[A(T)*(c —d) — (1 = 6*)(g — d)}
(1=6*)(g —d) = F*A(T)(c = d) = [(1 = 6?)(d = ) + A(T)(c = d)][A(T)]>

Computation of g—%
By (37) and (42):
OF (T, at, ™ (T)) y dat™(T)
oo arT T=T,

_ 0T = 0%)(d — 0) + A(T)(c — d)]2(log S){[A(T)]*(c —d) — (1 — 6*)(g — d)} (43)
(1=6%)(g —d) = F*AT)(c = d) = [(1 = 6?)(d = £) + A(T)(c — )] [A(T)]?

= 262T(log5)%,
where:
U= [(1-8)(d— 0+ AT (e — DAT) (e —d) — (1 - %)(g — d)},
o = (1-0%)(9—d) = NMT)(c—d) = [(1=6*)(d—0) + A(T)(c — D][AT)]*.

Substituting (36) and (43) into (19):

dv _ OF(T, oIFNTY)  OF(T, o Y(T)) ) 4o (T

dT T=To 8T (904 dT .

__ o52T _ g (44)
=26""(log6)[c — d + (I>]

2T (logg) [~ D2 HY

= 20" (log 0) [*——o——].
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Because log d < 0, it follows then:

dv

dv :252T(1og6){(c_d)q)+lp

)

—d)d+ T .
o7 }>0<:>(c )@+ ¥ <0

If the latter is satisfied, the bimorphic distribution p7.*! (1) is a NSD if T is smaller
than but sufficiently close to Ty = 7(d, G). Q.E.D.

PROOF OF LEMMA 9: Consider ¢;-strategy for an arbitrary ¢t € {T, 7T+ 1,7 + 2,...}
and the beginning of period ¢+ 1 in a match, when ¢;-strategy is about to start cooper-
ation. Let oy be the conditional probability that the partner is the same strategy. The
conditional probability is 1 — a; that the partner has a longer trust-building period.
The (non-averaged) continuation payoff of ¢;-strategy at the beginning of ¢ + 1 is

c 5(1—19)

Vies;p)} + (1 —a){€ + 6V (c;sp) }- (45)

On the other hand, the continuation payoff of c;11-strategy at the beginning of t+1
is

Vicgrspt+1) = a{g+ 0V (cir1:p)}
+(1 = a){d+6(1 = 8)V(ctr1;p) + 87V (cry1;p,t +2)}. (46)

Notice that the payoff structure for c;y1-strategy at the beginning of period t + 2
when it just finished the trust building is the same as that of ¢;-strategy at ¢t + 1, i.e.,

V(etp1;pt +2) = V(e p,t +1).

Therefore (46) becomes

Vicerisp,t+1) = a{g+0V(cr1;p)}
+(1 = ag){d+6(1 = 8)V(era5p) + 0%V (cip t +1)}
1
= V(epip,t+1) = W[O‘t{g+5V(Ct+1;p)}

+(1— ag){d+5(1 = OV (ersrip)}]. (47)
From the assumption that the average payoffs of ¢; and c¢;11 are the same,
V(e p) = Ve p)- (48)
Then, since the payoff until ¢ is the same for both ¢; and ¢;11, we also have
Viep,t+1) =V(erg1;pt +1). (49)

(49) implies that the RHS of (45) and (47) must be the same. Using (48) and letting
V*(p) = V(cs;p) = V(cit1;p), o must satisfy

ol + Dy 4 (- e+ oV ()

a{g +6V*(p)} + (1 —a){d+6(1 - 5)V*(p)}
1-— (1 — at)52 .
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Since this equation does not depend on ¢, we have established that a; = « for all
t=T,T+1,... ie., the fraction of ¢y -strategy is of the form a(1 — ).  Q.E.D.

PROOF OF LEMMA 10: From Table II(a), the long-run payoff of cp-strategy is decom-
posed as

Vierspr (o)) = aV(er,eripr (a))
+(1 = a)V(er, ert1; 07 (). (50)

The long-run payoff of ¢ -strategy is decomposed as

V(er+1i;p7 (@) = aV(erti, er;pr (a))
+(1 — a)[ef{d + 6*V (ep, ep; pF (@) + 6(1 — 6)V (eri1; pF ()}
(1= a){d+ 0*V (e, cri1;pF (@) + 6(1 = 6)V (epi1; pF (@) }]
= aV(erq1, e pF(a))
(L = a)[d + 6°V (er; pF () + 6(1 = OV (err1; 7 ()],

where the last equality uses (50).
Equivalently we can write the above as

[1— (1= a)(l =)V (ers1:pF(a)) = aV(ersr,er;pF (@) + (1 - a)d
+(1 = )8V (er; pF(av)). (51)

Similarly from Table II(b) and II(c),

Viertospr () = aV(eria, erspr (@)
(1= a)d+ 6*V (crs1: pF(a)) + 6(1 — 8)V (crpa; pF ()]

Note that c741 and cr 2 earn the same payoff against ¢ and thus V(erg2, cr; pFP(a)) =
V(ersa, er; pF (). Therefore the long-run payoff of ¢ o-strategy solves

V(erto;pr (@) = aV(erti,er;pr (@)
+(1 = a)[[d + 6*V (crs1: pT (@) + 6(1 — 8)V (crpa; pF ()]

This is equivalent to

1= (1 =a)d(d =)V(cr2;pr () = aV(eryr,er;pr () + (1 —a)d
+(1 = )8V (eri;pF (). (52)

If V(er;pF (o)) = V(cr41;pF (), then the last term of the right hand sides of
(51) and (52) are the same and therefore

Vierii;p7 (@) = Vierso; pr (@)
We can continue this argument for any ¢ > T'. Q.E.D.

PROOF OF LEMMA 11: We prove this lemma by a series of steps.
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(a) For any (G,T,o,6), v(er: p3() = vlers o5+ (a)).
Proof of (a): Against cp-strategy, all strategies with longer trust-building behave
the same way.

(b) For any (G,T,c,0), let AvF(c,0) = v(er; pP(a)) — v(er41; 07 («)). Then for
any (G,T,6), Avyp(1,6) = Avp(1,6).

Proof of (b): Clearly when o = 1, the value differences between ¢p and c¢piq

under pF and pgﬂ are the same.

(c) For any (G,T,6), Avg(0,6) < 0.
Proof of (¢): By computation,

Avg(0,0) = v'(cr,era) — o' (eryr, erya)
B (1 _ (52T)d—|- 52T(1 _ 52)£ (1 _ 52(T+1))d+ 52(T+1)(1 _ 52)(
- 1 — §52(T+1) N 1 — §2(T+2)
1

N (1 — 62T+1)) (1 — §2(T+2)) {(1 = 621)d + 62T (1 — 62)0}(1 — 62T+2)

—{(1 - 52(T+1))d+ 52(T+1)(1 — 82)0}H(1 — 52(T+1))]

1 -
T (1= 0ATHD)(1 — 5ATHD)) _*(d —0){1 = §2T+D _ (1 — 2T+ (1 — 52T)}}
1 -
= (1 — 62T+1))(1 — §2(T+2)) __(d —0){1 = 2T+ — (1 — §2T+Dy (1 — 52T)}}
= ! [ 2(T+1)\ 2T
— (1— 52(T+1))(1 —_ 52(T+2)) _—(d —0)(1-0 ( ))5 ] <0.

(d) For any (G,T,0) and any o < 1, AvP(a, ) > Avp(a, d).

Proof of (d): Since cry1 cannot be exploited under the two-strategy distribution
pgﬂ while it is exploited by strategies with longer trust-building periods under

P, v(ers1; prtH(@)) > v(ers1; p5F (). From (a), the statement holds.

Finally, we combine the above to prove the lemma. (b), (c), and (d) together imply
that, for a given (G,T,J), the graph of Av¥(«,d) is uniformly above the graph of
Avr(a,0) except at @ = 1 and both graph starts from a negative value at a = 0.
Hence, if there exists « such that Avp(a,d) = 0 and ag%(oz, J) < 0, then the desired
a* with the same properties for Avg® also exists. (See Figure 2.)

The existence of such « for Avr is warranted if § > 5@(T) so that the slope of Adp
is negative, and if § < §4(T") but sufficiently close to is so that Avr(a,d) > 0 near
a=1. Q.E.D.

PROOF OF LEMMA 12: Fix an arbitrary 7 =0,1,2,.... By computation,
vl(cTJchH) = (1- 52(T+7))d + 52(T+T)C’

1 T T T
vl (srierir) = 1 s2(Tiri2) (1 =0T+ d + 2TH) (1 = %) 4 *THTHI (1 — 52)9]'
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For 0 =~ 6,(T),
(1—0%)g~d621—6"1)(c—d)+ (1—%ec.
Hence

1

o' (s7,er4r) 1_ 52T +7+2) [(1 - 52(T+T))d + 52(T+T)(1 —§%)e

PRI L52(1 — 62T (e — d) + (1 — 52)0}]

- % (1= 247 4 2T+ AT ETHD),
+52(T+r+1){_52(1 — (52T)d +(1- 52(T+1))C}]
1

T 1 _s2T++2) [{(1 - 52(T+T))d + 52(T+r)c}(1 _ §2AT+T+2) 52(T+T+2))

_52(T+T+2){52TC (- 52T)d}}
s 52(T+7'+2) ) I
= v (CT+7—7 CT+T) — W (1 -0 T)(C — d) < (CT-i-T?cT-‘rT)‘

Hence for § sufficiently close to d4(7), the in-match average payoff is smaller for
sr. Moreover, it is easy to see that

1 1— 52(T+T+2)
T(CTir) CT1r) = 115 > r(sr,cr47) = 115
By definition,
vlersrspF (@) = {w+all=a)r(erir ersn)v! (erir crir)

+(1 = )™ (erirs erir)o! (e, CT+T+1)}
J{B1+a(l = ) r(erir,erar) + (1= ) r(erir,orirn) |
wherew =Y 7 0 a(l—a)*r(criqr, crpr)v! (crir, cryr) and Ry = e 0 a(l—a)*r(crir, cryr).
Notice that s; behaves the same way as cryr against c¢pyy for K =0,1,...,7—1
and cr4r4+1 and strategies with longer trust-building periods. Hence
o(spF(@) = {w+a(l—a)r(sseri)v! (s erir)
+(1 = ) r(ergr, ergrsa)v I(CT+T,CT+T+1)}
J{R1 + a1 = ) r(sr.erar) + (1 - a) r(erercriren)

Let Ry := a1 — a)"r(cryr, crer) and Rz := (1 —a) " r(criqr, cryri1). Then

o B w Ravl(erir, crpri) Ry + R3 Rovl(erir, crir)
U(CT—H’pT (a)) - (R1+R3 R1 + R3 >R1 + Ry + R3 Ry + Ry + R3
_ ( W Ryv! (eryr, CT+T+1))
R1 + R3 R+ R3
RQ I
+R1 € R2 + R3 |:’U (CT+T7CT+T)
w Ryv! (erir, eririn)
— . 53
(R1+R3+ Ri + Rj )} ( )
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Let R, := a(1 — a)"r(sr,cr47). Then

( w R3UI(CT+T76T+T+1)> Ry + R3 Ryl (s;,erir)

miPT +
v(sr,;pT () R, + Rs Ri + Rs Ri+Ry+R3 Ri+Ry+Rs

_ ( w R3v' (cryr, CT+T+1))
Ri + R3 Ri + R3
Ry 1
M TES RUCNRENS
R 1
_< w + 3V (CT+TaCT+T+1))]. (54)
Ri + R3 R1 + R3
: Ri+R Ri+R T . R, R

Since Ry > Ry, pipie < & R which implies that 7— TR < BFha T
Therefore the second term of (53) is larger than that of (54). Q.E.D.

PROOF OF PROPOSITION 5: We consider all on-path deviations that make a difference
in the average payoff.

On-path deviations during the “common” trust-building periods¢t=1,2,...,T":
The on-path history is unique and of the form {(D, D),..., (D, D)}. Possible devi-
ation types that make difference in the payoffs are:

(a) Play e after on-path history, during the common TB.

Recall the logic of Lemma 2 (for monomorphic distribution). We showed that
such strategy has average payoff d but any cp strategy under pr has average
payoff more than d since it is a convex combination of ¢ and d. Now we cannot
use cr but can use ¢y which has the same payoff as ¢y under a*. ¢y, earns g
after TB, against any ¢, where oo > 7 > T. Hence the average payoff of ¢ is
more than d and thus it is better than choosing e during TB.

(b) Play C after on-path history, during the common TB.

Clearly, strategies in this class have smaller average payoff than d under p3°(«).

Thanks to the new definition that during TB, only (D, D) will induce k, we do
not need to distinguish further devisions after C' during TB.

On-path deviations in ¢ > T+ 1: note that there are three kinds of on-path histories
after the common trust-building periods.

1. {(D,D)!1}: This occurs when both partners had TB not less than ¢t — 1. For
the continuation decison node, add one more (D, D).

Action choice phase: Since both C and D are on-path actions we do not need to
check.

Continuation decision phase: The analysis is the same as (a) above.

2. {(D,D)",(C,C)t"7} for some 7 > T: This occurs when both partners had the
same 7 periods of TB. For the continuation decision node, add one more (C,C).
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Action choice phase: The incentive constraint is proved to be satisfied in Lemma
12.

Continuation decision phase: If a strategy chooses C but e afterwards during the
cooperation periods, the payoff is less than the above deviation strategy.

3. {(D,D)=! (C,D)}: This is relevant only at the continuation decision node in
t. This happens when one partner had ¢ — 1 periods of trust-building, while the
other had a longer TB.

However, by the definition of c¢r strategy, the partner will choose e and thus your
decision does not matter.

Q.E.D.
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