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]
Qusai-concave functions — Definition

@ LetR2_ be defined by
R2 :={(x,y) € R%x,y > 0}
@ u be a function on R? :
u: R2_ —R
@ Definition u is called quasi-concave if

u@ sub)>u@ <u(l-Ha+th)(0<t<1)
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]
Quasi-concave functions — Criterion

@ Theorem u is quasi-concave if and only if
U :={(x,y) € R2_; u(x,y) > ¢}

is convex for any x € R.
@ (proof) We assume u to be quasi-concave. We
take two points a,b € U, satisfying

¢ < u(a) < u(b).

Then ¢ < u(a) < u((1 — t)a + tb) forany ¢ € [0, 1].
This means ab c U..
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Quasi-concave functions — Criterion(2)

@ (Proof (continued)) Conversely we assume that

{(x,y) € R2 5 u(x,y) > c}
is convex for any x € R.
@ Take any two points a,b € R_2F+ . We may assume
u(a) < u(b).
We make use of the fact that
{(x,y) € R2_; u(x,y) > u(a)}
is convex to deduce

u@ <u(l-tHa+th)(0<t<1).
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Concave functions are quasi-concave

@ Theorem If u is concave,
U, :={(x,y) € R2; u(x,y) > c}

is convex for any ¢ € R. Accordingly u is
quasi-concave.

@ (proof) Take any two points a,b € U.. It follows
from the concavity of u that

u((l-=tHa+tb) >0 -~Hu(@)+ tub) (0 <r<1).
If ¢ < u(a) < u(b),

(1 = Hu(a) + tu(b) > u(a) > c.
Thus (1 —-t)a+tb e U, forany ¢ € [0,1]
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|
Stricltly Qusai-concave fcts — Definition

@ Definition u is called stricltly quasi-concave if
u(@ <ub)>u@ <u(l-tHa+th)(0<t<1

for any two distinct a,b € RZ _.

@ If u is stricltly concave, then u is stricltly
quasi-concave.
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|
SQC fcts — Sufficient condition

@ Main Theorem We assume that u is of C? class.
The u is stricltly quasi-concave if

0 u 0 u, u,
X
<0, |ux wye uyy|>0.
ux uxx
Uy Uyx Uyy

@ lfuy(a) >0atanya e R_2F+ and if (H@u)(a)?,?) < 0
for any non-zero # € R? and at any pointa € R? |
the above condition is satisfied.
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|
What Sufficient condition Menas

@ We assume u,(a) > 0 and

0 u, u,

Uy Uye Uygy| > 0ata.

Uy Uyx Uyy

@ We apply Implicit function theorem to find a
funxction x = ¢(y) with the property that

{(x,y) € Bs(a); u(x,y) = u(a)}
= {(x,y) € Bs(a); x = ¢(y)}

for sime 6 > 0.

Nobuyuki TOSE (ITOSE PROJECT) Strictly Quasi-concave functions of 2 variables July, 2011 at UTYO 8/12



I
What Sufficient condition Menas(2)

@ Moreover we have

0 ug(a) uy(a)
uy(a) uyc(a) uyy(a)
uy(a) uy(a) uy(a)

> 0

¢’ (az) = "

@ Thus ¢”(y) > 0 in a neighborhood of a». This
means that if we take another small 6 > 0

(x,y) € Bs(a)NZ_,(x,y) # a = u(x,y) < u(a)

where
Z_:={x eR?

++?

V()(a) - (x — ay,y — az) < 0}.
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|
Proof of the Main Theorem

@ (2nd step) The contraposition of the previous
statement is as follows:
Foranya € R, we can find § > 0 satisfying the
condition that

(x,y) € Bs(a),u(a) < u(x,y),(x,y) #a
= Vw)(@)-(x—-a,y—-az)>0.
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Proof of the Main Theorem(2)

@ We take two distinct points ay, a; with
u(ag) < u(a;). We definea, = (1 - )ay + ta; and

U(t) := u(a)).

Moreover we assume that U(¢*) = ming<,<; U(%).
@ since U(0) £ U(1), we may assume 0 < ¢* < 1.
We shall show #* = 0 by proof by contradiction.
We assume that 0 < ¢* < 1.
@ We have U(t*) < U(t) for any ¢ € [0, 1], which
means that

u(a,) < ula,) (¢ € [0,1]).
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Proof of the Main Theorem(3)

@ We make use of the statement of the 2nd step at
aF..Then it follows that

V()(a,) - (ag—ap) > 0

(t — t)V(@)(ar) - (a1 — ay)

fort = t*andt # t*. If 0 < t* < 1, the value of

t — t* takes the both signs, it is impossible. Thus
we have proved t* = 0. Moreover we have shown
that U(0) < U(¢) for ¢t € (0, 1).
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